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Abstract— the 0-1 test for distinguishing between chaotic and 

periodic motion is discussed, and the test is applied to various 

attractors of the Peter-de-Jong map. For different set of values of 

parameters of this map chaotic attractors as well as their 

corresponding plots of Lyapunov exponents have been obtained 

and then, for each cases 0 – 1 test have been applied. The test 

effectively distinguishes chaotic and regular motion in almost all 

cases, barring a few isolated ones, which need further analysis 

and discussion. 

 

Index Terms— Lyapunov Exponent, Peter-de-Jong map, The 

0-1 Test. 

I. INTRODUCTION 

Characterization of chaotic systems is a field of active 

research. Various tools and techniques of analyzing chaos in 

dynamical systems are emerging through articles published 

in the field of chaotic dynamics. To study evolutionary 

behavior, in addition to usual time series curves, phase plot, 

Poincaré map etc, some of the major tests of chaos are 

Lyapunov Exponent [1], Maximal Lyapunov Exponent [2], 

Fast Lyapunov Indicator (FLI) [3], Smaller Alignment Index 

(SALI) [4], Dynamic Lyapunov Indicator (DLI) [5]. For 

various discrete models it has been observed that, while FLI 

and SALI may fail to produce satisfactory results, DLI work 

perfectly. Although most of these tests have exhibited 

satisfactory results, it is still felt that in the field of non-linear 

dynamics, yet, we have been unable to find a universally 

applicable indicator, as each of these indicators may not be 

applied in all situations of non-linear dynamics. This is, 

because difficulty could appear in application may be due to 

higher dimension of the underlying dynamical system, or due 

to insufficient theoretical explanation of the indicator.  

Hence, the quest for new indicator of chaotic and 

periodic/quasiperiodic motion continues. The 0-1 test for 

chaos [6-7] is another test of chaotic and periodic motion, 

suggested by Melbourne and Gottwald. The test has been 

applied to various dynamical systems and the results have 

been quite satisfactory. Gottwald and Melbourne [8] have 

presented a theoretical justification of the test and the authors 

have shown that the test yields 0 for periodic and 

quasi-periodic dynamics and 1 for sufficiently chaotic 

dynamics. Dawes and Freeland [9] investigated the 

performance of the 0-1 test, when applied to a system 

containing a strange nonchaotic attractor (SNA) and the 

authors concluded that the test is straightforward to 

implement and performs extremely well. Ke-Hui and 

Cong-Xu [10] have applied the test to nonlinear dynamical 

systems, including fractional order dynamical systems. Litak, 

Budhraja and Saha [11] have also examined the two 

dimensional map of a bouncing ball system and to distinguish 

between periodic and chaotic solutions they used the 0-1 test 

for chaos. Falconer, Gottwald, Melbourne and Wormnes [12] 

have analyzed the data from a bipolar motor to signify the 

effectiveness of the 0-1 test. Recently, Chaudhury, Iyengar. 

and Lahiri [13] applied the 0-1 test to the time series obtained 

from a glow discharge plasma experiment and they conclude 

that the test appears to be very effective and straight forward 

to apply. The objective of the present work is to investigate 

again in detail about 0 – 1 test and then to apply it to 

Peter-de-Jong map. Here below, we first describe the 0-1 test 

for identifying chaos and then apply it to various attractors of 

the Peter-de-Jong map. It is found that in case of 

Peter-de-Jong map, the results were in agreement with the 

theoretical justification of the test and we could draw 

valuable conclusion in all but few cases. 

 

II. DESCRIPTION OF THE 0-1 TEST 

Consider a sequence of scalar output data . 

Choose c > 0 and define 

 

  , n = 1,2, 3,…    (1) 

Now calculate the total mean square displacement: 

    

and the asymptotic growth rate 

 

     

To avoid negative values of K, we may as well take 

 

   

If the behavior of p(n) is asymptotically Brownian i.e. the 

underlying dynamics is chaotic, then M(n) grows linearly in 

time; whereas if the behavior of p(n) is bounded (as in case of 

periodic or quasi-periodic motion), then M(n) is also 

bounded. 

The asymptotic growth rate K of M(n) is then numerically 

determined by means of linear regression of log(M(n)) versus 

log(n). 

The main advantages of the test are: 

1. The origin and nature of the data fed into the diagnostic 

system (1) is irrelevant for the test. 

2. The method is independent of the scalar observed and 

almost any choice of  will serve. 

3. The dimension of the underlying dynamical system does 

not pose any practical limitations on the method as is 

the case for traditional methods involving phase-space 

reconstruction. 

The only conditions which are necessary to be met while 

working with the 0-1 test are: 

1. Initial transients should have died out so that the 

trajectories are on (or close to) the attractor at time 

zero, 

2. The time series is long enough to allow for asymptotic 

behavior of p(n). 
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3. It is necessary that the data is essentially stationary as 

well as deterministic. 

 
III. PETER– DE-JONG MAP: APPLICATION OF THE 0-1 

TEST 

Sensitivity to initial conditions and dependence on 

parameters are basic characteristics of chaos. Chaotic 

systems are found to display varied forms of attractors, 

corresponding to different sets of parameters. Sometimes it is 

observed that certain seemingly simple mathematical 

equations may exhibit complex patterns. One such system is 

the pair of equations suggested by Peter-De-Jong, and hence 

named after him. The map is given by a pair of difference 

equations, and although it seems simple, it exhibits different 

types of attractors. 

The map is described by the pair of difference equations: 

    

  

       

We show the various attractors of the map below. For each 

attractor, we have evaluated the 0-1 test parameter K. We 

took N = 200000 and n << N. For different values of 0-1 test 

parameter K we have obtained the attractors and the plots of 

corresponding Lyapunov exponents. In each figure below, 

Fig. 1 – Fig. 10, in figure (a) we have shown the attractor and 

in figure (b) the plot of Lyapunov exponents  and the value 

of  0-1 test parameter K. 
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Fig 1(A): Phase Plot for Parameters 

a = 2.033372, b = -0.78980076,  

c = -0.5964787, d = -1.7829015 
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Fig 1(B): Lyapunov Exponents for Parameters  

a = 2.033372, b = -0.78980076,  

c = -0.5964787, d = -1.7829015. 

K = 0.881489 
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Fig 2 (a): Attractor for parameter values  

a = 1.76, b = 1.66571,  

c = -0.86114, d = 0.59714. 
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Fig 2 (B): Lyapunov Exponents for Parameters  

A = 1.76, B = 1.66571, 

C = -0.86114, D = 0.59714  

K = 0.0171407 

Note: The value of K approaches 0 for regular plot. 
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Fig 3(a): Plot of attractor for parameters  

a = 0.973894, b = 1.66504,  

c = -0.860796, d = 2.10487 
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Fig 3 (b): Lyapunov exponents for parameters  

a = 0.973894, b = 1.66504,  

c = -0.860796, d = 2.10487 

K = 1.03481 
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It may be noted that the 0-1 Test parameter has a value 

approaching 1, a fact well corroborated by positive Lyapunov 

exponents.  
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Fig 4(a),(b): Plot of attractor for parameters  

a = 2.07345, b = 1.66504,  

c = -0.860796, d = 2.10487 
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Fig (B): Lyapunov Exponents for Parameters  

a = 2.07345, b = 1.66504,  

c = -0.860796, d = 2.10487 

K = 0.935227 
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Fig 5(A): Plot of Attractor for Parameters  

a = 1.07345, b = 2.785398,  

c = 1.34786, d =1.10487 

1000 1200 1400 1600 1800 2000

0.15

0.10

0.05

0.00

n



 
Fig 5 (B): Lyapunov Exponents for Parameters 

a = 1.07345, b = 2.785398,  

c = 1.34786, d =1.10487 

K = 0.06541 
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Fig 6 (A): Plot of Attractor for Parameters  

a = 2.89027, b = 1.5708,  

c = -0.314159, d = 2.10487 
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Fig 6 (B): Lyapunov Exponents for Parameters  

a = 2.89027, b = 1.5708, 

 c = -0.314159, d = 2.10487 

K = 0.867295 
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Fig 7(A) : Plot Of Attractor For Parameters  

a = 1.7843, b = 0.5366543,  

c = -0.7553879, d = 1.65469 
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Fig 7(B): Lyapunov Exponents for Parameters  

a = 1.7843, b = 0.5366543,  

c = -0.7553879, d = 1.65469 

K = 0.67571 
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Fig 8(A): Plot of Attractor for Parameters  

a = 1.7843, b = 0.8574, 

c = -0.975840, d = 0.65469 
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Fig 8(B) : Lyapunov Exponents For Parameters  

a = 1.7843, b = 0.8574,  

c = -0.975840, d = 0.65469 

K = 0.00308772. 
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Fig 9 (A): Plot of Attractor for Parameters  

a = 1.273574, b = 2.8574,  

c = -0.175345, d = 0.55469 
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Fig 9 (B): Lyapunov Exponents for Parameters  

a = 1.273574, b = 2.8574,  

c = -0.175345, d = 0.55469 

 K = 0.553942 
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Fig 10 (A): Plot of Attractor for Parameters  

a = 0.76453, b = 1.66571,  

c = 1.28857, d = 0 
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Fig 10 (B) : Lyapunov Exponents For Parameters  

a = 0.76453, b = 1.66571,  

c = 1.28857, d = 0  

K = 0.0361753. 
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And finally we plot the bifurcation diagram of the map. 
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Fig 11: Bifurcation diagram for the Peter-de-Jong map for 

parameter values b = -0.78980076, c = -0.5964787, c = 1.7829015 

(as in Figure 1(a)) and varying the parameter a from -5 to +5. 

 

We observe that in cases where the value of test parameter K 

in very near to 1(in the range of 0.8-1.05) as  in Figure 

1(a),3(a),4(a),6(a),the value of Lyapunov exponent is 

positive, indicating chaos; for values of test parameter K very 

near to 0 as in case of Figure 5(a), 8(a) and 10(a), the 

Lyapunov exponent is negative, indicating regular motion. In 

Figure 2(a), the value of K is 0.0171407, while the Lyapunov 

exponent hovers around 0. The phase plot clearly indicates 

periodic motion. In particular, the indication of 0-1 test in 

case of Figure 5(a) is perfect, as the phase-plot does not 

indicate anything, whereas the value of K near to 0, and the 

negative Lyapunov exponent both indicate 

periodic/quasiperiodic motion. In case of Figure 7, the 

phase-plot does not seem to be chaotic, but the positive 

Lyapunov exponent indicates chaos. The value of K is 

0.67571, which may be interpreted as weak chaos. Similar is 

the case with Figure 9(a). 

 

IV. CONCLUSION 

We conclude that the 0-1 test can be regarded as a good 

indicator of chaotic or periodic/quasiperiodic motion, with its 

prediction being comparable with that of Lyapunov 

exponent, particularly in cases where the value of K is very 

near to 1, or 0. For intermediate values, however, we need to 

do further analysis to predict the exact behavior of the 

system.  
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