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Abstract— The idea of this paper, is study strongly
convergence for our new iterative scheme under generalized
S-variation inequality for two fuzzy mappings.

Index Terms— fuzzy mapping, fuzzy fixed point and
variation equality.

I. INTRODUCTION
The concept of fuzzy set was introduced by L.Zadeh
[5] in (1965). After that a lot of work has been done
regarding fuzzy set and fuzzy mappings. The concept of
fuzzy mapping was first introduced by Heilpern [4]. In
this paper, we introduce generalized S-variation
inequality for two fuzzy mappings and study strongly

convergence for fuzzy SM-Iteration scheme.

Il. PRELIMINARIES
In this section, we recall some basic definitions and
preliminaries that will be needed in this paper.
Definition 2.1[5]: Let H be a Hilbert space and F(H) be

a collection of all fuzzy sets in H . Let A S F () gng @ €
[0, 1] the & — levelsetof A, qonqteq by 4= s defined

by
A= AX) za}ifa e [01]

Ap= {x: A(x) = a«} Where B denotes the closure of a
set B.

Definition 2.2[4]: A fuzzy set A is said to be an
approximate quantity il 2€ o7 if Az s compact and
convex for each @ € (011, and supex Axy = 1 When
A is an approximate quantity and A(*2)=1 for some * €

H , A is identified with an approximate of 2 .The
collection of all fuzzy sets in H is denoted by F(H) and
W(H) is the sub collection of all approximate quantities.

Definition 2.3[5]. Let A, B € W{Hj. An approximate
quantity A is said to be more accurate than B (denoted by
AS B)if and only if A (x) =Blx), vxeH

Definition 2.4[4]: A mapping T from the set H into W
(H) is said to be fuzzy mapping.

Definition 2.5[4]: The point x €

for the fuzzy mapping T if {x}cTx. |
fuzzy fixed point of T.

H is called fixed point

£ %2 T% is called

I11. BASIC RESULTS AND FUZZY
ITERATION

Definition 3.1[1]: A fuzzy mapping T: H
called:

1. Fuzzy strong monotone, if for all u ,v € H and

for x € [Tlu)], and v € [T(1)],, there exists a

constant ¢ £ (0,17 such that

= W(H)

(u—vox — vz pllx — ylI2
2. Fuzzy Lipchitz continuous, if for all u v € H
and for x € [Tuw) 1,

and v € [T(v}],, there exists a constant £ £ (0.1} such
that

llu —vll = gllx — .

We note that for § = 1, the fuzzy mapping T: H—= W{H)
is called non-expansive.

Definition 3.2: A fuzzy mapping T: H ™ W) g
called Fuzzy D- Lipchitz continuous if there exists a

constant & € (910 gych that
DT, Ta)) < Ellu—vll, wu.vr €H.

Definition 3.3[2]: A mapping #* ~ H is called:

1. Strong monotone, if for all u ,v €H, there exists a
constant @ = @ such that

(u—v.glw) — g} = ollu - vll%

2.Lipchitz continuous, if for all u ,v = H, there exists a
constant & = 0 such that 19(2) —g )l = {llu -l

Definition 3.4[2],[3]: L.for all u’¥*Z £ ¥ the operator

Fieqy condition

, Where

satisfies the
2 () — PR(L‘_\{Z]" < yllu -l

¥ = 0is aconstant.

K

2.Let us define 7% the projection of z on ,
to be a point in K such that

7, () — 2| = infy cxi 1z — vl

Definition 3.5: Let H be a real Hilbert space, whose

)
respectively. Let T,S: H ™ W(H) be a fuzzy mappings

norm and inner product are denoted by I and o

and h, & H™ Hpea single valued operators. Given a
point -to-set mapping K: t K() \which associates a
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closed convex set K(t) with any element tEH, we

consider the problem of finding t,w,x eH

€[T)]s 4 [S(E)]e g(t) € K(E) g
{w+hG)v—gle)) =0

Ve e K ... (3.1)

such that w

The problem (3.1) is called the generalized S-variation
inequality for fuzzy mappings.

Lemma 3.6: Let K(t) be a closed non-empty convex set in
H. Then (t, w, X) is a solution of (3.1) if and only if (t,
w) satisfies the relation

gt} =Pyialgle) — pw + R(x)L.
forw € [T(t)],, where p = 0 is a constant.

Proof: Trivial
Theorem 3.7:_Let K(t) be a closed convex set in H. Let

the fuzzy mapping T: H— W{H) be a fuzzy strong
monotone with constant u € (0.1} and fuzzy D-Lipchitz
continuous. Let the operator g:H — H be a strongly
monotone with constant & = 0 and Lipchitz continuous
with constant { = 0. Assume that the operator h:H{ — H
is Lipchitz continuous with constant # =0 and S:
H— W(H) is fuzzy D-Lipchitz continuous with
constantg = 0. If
p=(1-Kme| [u—C -kl - §* —n’e")(2k - k)

P 71— plg? = £2—plg? s (32)
PNE <1 = s e s e (3.3)
k=y+201 -2+ v (3.4)

Then, there exists a solution t , w , x € H such that
w e [T(e)], .x [5(t)]and gt) € K(t) satisfying the
generalized S-variation inequality (3.1).

Proof: From lemma 3.6, we know that the generalized S-
variation inequality (3.1) is equivalent to the fuzzy fixed

point

R(t) =

t—gt) +
Peolg(t) — p(w + RG] (3.5)
In order to prove the existence of a solution of it is

sufficient to show that the problem (3.5) has a fixed point.

Thus for t;.t; € H and t; # t;, we have

IRCt,) — R(t) 1P =

£ — E{tl:] + P.:e[riil [H{tl:] —plw, + h{xl:]:]] -II’
ty + g(t2) — Py Lglts) — plwy + R(x2))] H
for w, € [T(t,)], and w, € [T{t,)], .

< Ity - t; - (gt _H'&:]}": +

1Pee [g() = plwy + h(x ] = Peceyy L9t — pws + Rz ]|

Now,

|Peienlgey) — ptwy + hix )] = P lg(es) — p(ws + Rzl

= yllty, — &7 + g, — £, — g8, ) — g eI
+ig, — £, — plw, —w )l + plln(x, ) — ROx I
Hence,

IrR(t,) — RGP < vy — 1,12

+Hle, — 5 — gt — gle I +

e, — £, — plwy —w)l* + pllRCx,) — h{x DI

Since, T is a fuzzy strong monotone and fuzzy D-Lipchitz

continuous then,

Ity — &3 — plwy —wydlI?

= (1 —2pu +p e, — £l
Similarly,

e, —t; — glt,) — gle)N? <
(1-20+ O, — P

Since, h is Lipchitz continuous and S is fuzzy D-Lipchitz

continuous, we have

IR, ) — hCx P =%, — 2,017 <
niD(5(t,). 5(t,)) < nallle, — I
Hence,

IR(t,) — RGP < yllg, — £,17
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+2(1 — 20 + Mgy — 117 + continuous. Let the operator g:H — H be a strongly
monotone with constant & = 0 and Lipchitz continuous
(1 - 2pu + p280)lt, — 5117 + pn2o®lle, — £, 11° with constant { = 0. Assume that the operator h:H — H
is Lipchitz continuous with constant n =0 and S:
I8(z,) — Rg)I* < Blley — 2,117 H— W(H) is fuzzy D-Lipchitz continuous with

constantg = 0. If
Where,

0=<hlge+p* B+ p2(E +9%0%) =1....(3T)
8 =x+t(p) +pn’e’

Where
x=y+2{1—2r.r+l,":] E:1—1ﬂ+21ﬂ{{1—2_ﬂﬂ+l:::]}‘l-.lﬂ']r"l-
1,01 —2pu)

tlp) =1 —2pu +p*¢?
c=(1—f, +26, 1001 - 26+ PN+ 8, +

We have to show that& < 1. It is clear that t{z) as§umes B.(1 — 2pu + p*(E2 +1%0*N)
its minimum value for 7 = < with ¢(7) = 1 — =. For h=3+ 277 — 2(g + pu)+v
5 5
g =p, k+t(g) +pne <1 implies that png <1 — . _ -
Thus it follows that & < 1, for g satisfying the conditions Then, there exists a solution , x .y .w & H such that
(3.2)-(3.4). Since, & =1 then the map R(t) define by w € [Tty e [5G)]; and glx) e K(x)  satisfying

the generalized S-variation inequality (3.1), and the

3.5) has a fuzzy fixed point t, w £ H satisfying the
(3:5) Y P fying sequences {r,}.[w,Jand [w,} generated by (3.6)

generalized S-variation equation (3.1). This completes the

proof. - converge to x.y and w strongly in H, respectively.

Definition 3.8: Let H be a Hilbert space, T,S: H — W{H) Proof: From fuzzy SM iteration Scheme, we have

be a fuzzy mappings , {1} {8} be a real sequence in [0, ;
1] and h.g:H —= H be a single valued operators. Let I, -, 7= in—g(bn]+P;;.-|:i:ﬂ:|[3(5n]—.ﬂf‘#'n fh()’n]]]j H
K(xy), K(b,) and K(z,) be a closed convex sets in H. bt = §(n-s) + Peia, ) [g(Bn-s) = 0y + R(3p-1))]
For given X0 V.. Wy € H let

wy € [T, v € [5(x)]jand for neNand p =0, for

compute the sequence {x,}.{b,}and {z,} from wy € [Tl Mg owy_y € [Tl )], oy €

[5Cxn_ g and y,_; € [SCep),
_ _ glh,) —
Xnvs = b = 9000) + Prtny [ 8 72

= "br! - Bn—illz + ”Q':hr!:] _Q{bn—i:]": +
b, =01 —2A,)z, +

L» z, — glz,) + } 1Py o, la(a_1) — p(wn_s + (3a_))] - Pets,3glbr) — ooty + R
" Kz [E{Zn:] —plwy + h'b-"r!:]]

Now,
z, =1 — B lx, +

(o g0e)+ 1Pt [ 0n) = Py + B2V — PrcrplgCba) = pai + BRI

& lx] [E{Inj - plw, + h{}:ﬂ]]} - (3.6)
:_:: Y"bi’!—L - bi’! ": +
Then the equation (3.6) is called Fuzzy SM- Iteration

Scheme. lbp_y — by — glby_y) — g II* +

Theorem 3.9: Let K(x) , K(z) and K(&) be a closed
convex sets in H. Let T: H— W{H Jbe fuzzy strong
monotone with constant & € (0.1} and fuzzy D-Lipchitz

b,y — By — pwn_y — w12 + p2lRCy, ) — ROy, _ 12
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Since, T is a fuzzy strong monotone and fuzzy D-Lipchitz

continuous then,

by — by — plw,_y —wiJlI?

= —2pudllby_; — byl + p28%lx_y — x, I
Similarly,

B,y — b, —g(b,_, ) — gBJIF <

(1-20+ {Hllb,_y — byl

Since, S is a fuzzy strong monotone and fuzzy D-Lipchitz
continuous with constant g =0 and h is Lipchitz

continuous with constant 17 = 0, then
p*lnCy,) =Ry, JIF < ¥ nlly, =g P 2 * 0?5 Cx, ), 5Cx,)) € 0 0 0Py — 2,1

Hence,

Nxpys —2xp 12 < by — Bp_o 12 + [[(gCBa) — gCon_D)]” +
iy — Bl £ 1B, — b, — g(b,_,) — g(B 2 +
by — by — pwy_y — w P + p2llAly) — Ry, DI
Mgy — 2 17 (1 + 72 £ 9)lIBy — by, 2

+(1 - 20+ PMb,_y - b,l1% +

(1 — 2ppllby_y — b + o282 x g — x |12 + P llx,_, —

lpey —x, P23+ 207 - 20pu +0) +¥)
Iy, — By I + o202 + 7207
My — =, 117

Since,

by = (1 — Ag)zy + Ag{z, — glz,) +

Pz lglzy) — plwn + R0 )}

then,

{1 - ln]zn—i + ‘:l'rz {zrz—i - Q{Zn—ij +
Py [zﬂ_,_fllgl‘r-zn—j.] —plwy_, + h{yn—l:]]]} -
(1 —Ap)zy + Apfz, — g(z) +
PR[xﬂfl[Q{rzn] —plw, + h{}'n]]]}

B,_y — By lI?

Thus,

Moy y —boll* = @ —a )z y — 2P + 4,

"zn—l —In — {Qizn—lj - E{zn]}nz +ds

{

Prte, 2 [9Ga) — p(Woos + hyn_y))] —| ‘}

Py [x,,:l[éi'{zn] —plwy + h{}'n]]]

Now,

Pt ol(zas) — plwy_s + A _.))] —”
Py [xﬂf'[Q{zn] —p(w, + h(}’,«_.]]]

Py f.z“_,_fl[g{zn—j.] - P{wrz—l + h{yrz—lj]] _”2
Py (2p_4) [S{zn] - P{Wn + h(yr_']}]

Peta,_ [z — plwy + R3] —”
Py [x,,:l[éi'{zn] —plwy + h{}'n]]]

= Y"zn—i - zrzll2 + Ilg{zn—ij - Q(zn] - P{wn—i - Wrzjllz

Zyllzy —zlP + 2y — 2, — g0z ) — gl 12 +

2

x ol
“zrz—l —Zp — P(Wrz—j. - wn:]llz +lelh(yn] - h(yn—l:]"z

Hence,

oy y =B P =0 -2 0z, — =z, 017 + 24,
l2n-1 — 20 — (gCzn_t) — g G’ +
Aagvllzp_, — 2,117 +

Az, — 2, — oGy — wl +

Anpt IRy — RGP

Since, T is a fuzzy strong monotone and fuzzy D-Lipchitz

continuous
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then, plIh(y,) — Ry, _ P

lzpoy —zp — plwy g — w12 = (1 — 2pu) Hence,

lz,_y — zp I + p? 82 llxy_y — x4 |1 llz,_y — 2, I1? = — B,) lx g — 117 +
Similarly, 2By lxp_y — xn — {Q{Iu-ﬂ—é‘{xn]}"z +

lzpy —z, —glz_y) — gz MIF = 2

+

n-1— %n—

X
2
.Erz']’r"xn—j._xn" + By P{wn—i_wn]

(1—20+ {Hllzpy —z,IP

Brp®linCyy) — Ry, _,JII?
Now,

Since, T is a fuzzy strong monotone and fuzzy D-Lipchitz

—_ _ .
1-2,+22,{0-20+ )+ JLET) continuous

by — b 2::(
lbn-y = Bnll* = +1,{1 — 2pu)

Then,
lzpoy —z, 117 +

"xrz—l — Xn _P{wrj—]_ - Wr_-]"z =
Anp G + %0y — x,|IP

(1 —2pu+p*8 0z, —x, 1P
In the same way , we compute ||z, _, — z, I
Similarly,
(1- .En]xn—i + Bplang — Q{xn—ij +
. Pyt [glen_o) = p(wy_y + hyn_ N1} - i,y — %y —grp_) — gledlI? <
a- .Er:]xr: + Bpfay — Stxn] +
Py [rﬂf‘[g{xn] —p(wy + h{}'n]]]}

Ilzrz—l _zrzl

(1-20+ {llxy g — 2417

Thus, Now,
llzp—s = 2zall* = @ = Bp) lley — 2, I* + lages -2l € (1= By + 28uf(1 =20 + ) B # - 200 28 4120 - 1P
B I|xn—1 —Xn— {Q{xn—lj - E(xn]}"z + Since,
PRExﬂ_if'[gl:xn—L]_P{wn—l +h{yn—1]]]_ - "br'— _Br‘"E = 1—-1”4-2.1”{(1—254- {2]}4"1;«_-’}"
ik Py tx ) Lgley) — pQwy, + Ry, 0] | ] e ( +2,{(1 — 2pu) )

Now, (1= Bo + 26001 = 20 + {0} + B + Bu(1 = 20 + P2 4+ m20D)] +

- 2 2 22 2
Petr,_ o [gCrn_y) — p(wy_y + Ry ;)] _| : AP E 0o Ml xy g — x4l

Py (] [E{xn] —plwy + h{}'n]]]

Let

_ 2
ET"xn—i xnll + E=1—alr!+2.-1ﬂ{{1—2lﬂﬂ'+ {2]}+‘1ET+

A, (1 —2pu)
llxn-s —2n — g Genn) — g Gl + ¢ = (1= By + 28 {(1 ~ 20 + {0} 4 B + Bull = 20w +07(F* 4 1%6%))
Moy —xp —plw_y —w JI? + Then,
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By _y — ball* = (g2 + 2,p*(F* +

7" Nllxp_y — x,lI7
Hence,

lxp,, —x, I < hice + 1,022 +720%)
Iy —x, 7 +

PrE 0y — 2, |IP

Such that, h=3 + 27% — 2(g + pu) +¥

Hence1 "-rr!+j__-rr! ": E E"‘ri’!—l_‘ri’!":’ Whel’e

8 =hlce +p%8%) + p*(F2 + %0
Now, from (4.3.7) , we have 0 = & = 1,
Then llx,_, —x,P=0 a5 n—w

Hence, {x,} is a Cauchy sequence in H so that there

exists x,w € H with

Ty 5 Jag Y00 Wy =
wstrongly in H
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