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Abstract- This paper is concerned with the determination
of temperature distribution, displacement function and
thermal stresses of a thick annular disc occupying the space
D:a<r<h, —h<z<h . The governing heat conduction

equation has been solved by using Marchi-Zgrablich
transform and Marchi-Fasulo transform techniques.
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I. INTRODUCTION

Khobragade et al. [8-10] have investigated temperature
distribution, displacement function, and stresses of a thin
as well as thick hollow cylinder and Khobragade et al.
[16] have established displacement function, temperature
distribution and stresses of a semi-infinite cylinder.

In the present paper, an attempt is made to study the
theoretical solution for a thermoelastic problem to
determine the temperature distribution, displacement and
stress functions of a hollow cylinder with boundary
conditions occupying the space

D={(x,y,2)eR*:a<(x* +y*)"?<b,0<z<h},

where r=(x*+Yy?)">. A transform defined by

Zgrablich et al. [12] is used for investigation which is a
generalization of Hankel’s double radiation finite
transform and used to treat the problem with radiation
type boundaries conditions.

Il. FORMULATION OF THE PROBLEM

Consider a hollow cylinder as shown in the figure 1. The
material of the cylinder is isotropic, homogenous and all
properties are assumed to be constant. We assume that the
cylinder is of a small thickness and its boundary surfaces
remain traction free. The initial temperature of the cylinder
is the same as the temperature of the surrounding medium,
which is kept constant.

The displacement function @(r, z,t) satisfying the
differential equation as Khobragade [8] is
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where v and &, are Poisson ratio and linear coefficient of
thermal expansion of the material of the cylinder
respectively and T (I, Z, t) is the heating temperature

of the cylinder at time t satisfying the differential
equation as Khobragade [8] is
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where k=K /oC is the thermal diffusivity of the
material of the cylinder, K is the conductivity of the
medium, C is its specific heat and o is its calorific

capacity (which is assumed to be constant) respectively,
subject to the initial and boundary conditions

M,(T,1,0,0)=F forall a<r<b,0<z<h

(4)

M (T.1 k,a)=F,(zt), foral 0<z<h,
t>0 (5)

M (T.Lk,b)=F,(zt) foral 0<z<h,
t>0 (6)
M,(T,1 k,,—h)=F,(r,t) forall a< r<b,
t>0 @)

M,(T,1 k,,h)=G(r,t) forall a<r<b,
t>0 ®)

being:
M,(f.k,k,g)=(k f+k f),
where the prime ( ) denotes differentiation with respect

to 3, radiation constants are K and K on the curved
surfaces of the plate respectively.

The radial and axial displacement U and W satisfy the
uncoupled thermoelastic equation as Khobragade [8]
are

U oe l+v oT
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Where
e=@+g+% (11)
or r or
o¢
Uu=2%, 12
or (12
O¢
W =22 13
e (13)

The stress functions are given by
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r.(a,2,t)=0,7(b,zt)=0,7,(r,0,t)=0
(14)

o.(a,z,t)=p,o 0 2t)=-p, 0o(r01t)=0
(15)

where [; and [, are the surface pressure assumed to be

uniform over the boundaries of the cylinder. The stress
functions are expressed in terms of the displacement
components by the following relations as Khobragade
[8] are

o, = (/1+2G)8W+/1(8U+Uj (16)
oz o r
(/1+ze)+z(au awj (17)
or oz
rrz—G(aW au} 1)
or oz

P 9
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Fig 1: Geometry of the problem

Where 4 =2Gv/(1l—2v) is the Lame’s constant, G
is the shear modulus and U, W are the displacement
components.

Equations  (1)-(18) constitute the  mathematical
formulation of the problem under consideration.

I11. SOLUTION OF THE OF THE PROBLEM
Applying transform defined in [12] to the equations (3),
(4) and (6) over the variable r having p=0 with
responds to the boundary conditions of type (4) and
taking the Laplace transform , one obtains

T°(n,z,s) =" [E* +J'He”‘"2t'dt’}
0

where constants involved T "(n, z,s) are obtained by
using boundary conditions (4). Finally applying the
inversion theorems of transform defined in [12] and
inverse Laplace transform by means of complex contour
integration and the residue theorem, one obtains the
expressions of the temperature distribution T (r, z, t)

for heating processes as

T(I’, Z, t) :i i Pm(z) So(i(l, kZ’/Llnr)
n=1 m=1 lumim

— ! 240
xe‘“pzt[F + [ITe~ tdt’}
0

(20)
Where n is the transformation parameter as defined in
appendix, m is the Fourier sine transform parameter.

IVV. DETERMINATION OF DISPLACEMENT AND
STRESS FUNCTION

Substituting the value of temperature distribution from

(20) in equation (1) one obtains the thermo elastic

displacement function ¢(r z, t) as

_r'a 1+V S Pm(Z)So(@,lzz,#nf)

x g " [E + IH e”‘pzt'dt} (21)
0
Using (21) in the equations (12) and (13) one obtains
ka1 25, (K, k,, 4,1)
25(1 V) n= U om=t Gom I’So(k kz,,unr)

(22)

_r ‘ka, (1+v) & 1 &
—> A So(k, K,, .1
25 (1 V) Zl Cn ~ m (pnm O( 1 lll )

(23)
Substitution the value of (22), (23) in (15) to (18) one
obtains the stress functions as

_ _ka 1+v) Z DPam

o
bO28Q-v) KoL

(A+26)r*S"o(k,, k,, 1,1))+ 4rS ok, K, 121)
+25, (k. K, 1.1)

x 22 8,k K, i 1)+ Sk, k,, 1,1)]
—r*A S (K, k,, 1)

o = _ka @+v) Z(gonmj

C2E@-V) i
[(2+2G)r*4,"s, (key k., 44,1)

= Ak, Ko 247)+5185 (K, Ky, 247) 48,06, Ky, 1,1

(25)
kat(l+v) Z(¢nmJ(ﬂ'+ZG)

(24)

0-19
25(1 V) m,n=1
[rso( 17 2’ /Llnr)+280(k1’ k2’ /’lnr)]
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rzs(;(kl’ k2’ Iunr) +4rS(,)(kl’ k2’ Iunr)
+1
+(2_ rzﬂ’rzn)so(kii k2’ /unr)

- _kaG(@1+v) i Ao @
5(1—‘/) m,n=1 Cn
[r2S5 (k,, Ky 11,0) + 208, (K, Ky 41,1)]
V. SPECIAL CASE
Set f(r,t)=@1-¢€")5(r—r,) (28)

Applying finite transform defined in Marchi Zgrablich
[12] to the equation (28) one obtains

f_(n’t):(l_e_t) Iy So(k11 kzv:unro) (29)

Substituting the value of (29) in the equations (20) to (28)
one obtains

(26)

@7)

T(r, z,t):é i Pm(Z)Soﬂ(zli/{ Ky, 4,1)

—* t 247
xe‘“‘)z‘[F +_[1‘Ie"’p tdt’}
0

(30)
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x @ [E* + I I'1 e“pzt'dt’} (31)
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(32)
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x A2, (k. K, i,1)+1 So(k, K, p2.1)]

- r.zﬂ“m SO(kl' k2l :unr)

(34)

__kat(l-l-v) N Do 24 2

0,= 26(1-v) m%[ C, j[(/1+26)r A Sy (K, Ky, 241)

) r’Sy(k,, k,, g r)+5rS;(k,, k,, z.r) .
+4S (kl’ kz,lunr)

. _ka 1+v)z(¢nm]( +ZG){rSO(kl,k2,ﬂnr) }

26(1-v) &4l C +28, (K, K, fi.1)

n

rSy(ky, Ky, 1) +4rS(k,, k,, 1)
+1 (36)
+2-r2)8,(k, ks 1)

] _kaG(L+v) Z AoV Sk, K, pr)
"’ f(l—V) m,n=l Cn +2rSO(k1,k2,,Unr)

@37
VI. NUMERICAL RESULTS
Seta=2, b=4, t=1sec
Substituting this value in Equations (30) to (37) we get

T, Z,t)=il i Pm(Z)S;fgj Ky, 44,1)

— = 4 24
xe‘“pz[F +_[1‘Ie"‘p ¢ dt’}
0
(38)

1& P(@)S,(k, ky 1)
n=1 C m=1 /anlm

x @ +jHe"’“dt}

(39)

[isrs(k(kf,z’jn ) )]

(40)
) W WAUSEX (S Wy
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k 1+v
o, = 2?(5_ V)) mzn:1¢nm

(A+26)r*S"o(k,, ky, p2,r))+4rS's(k,, k,, 12,1)
+ 280 (kl’ kZ’ lunr)
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x 22 S,(K, K,y 1,7+ 1 So(K,, Ky, £4)
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] 44)

(45)
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(46) n

VII. NUMERICAL RESULTS, DISCUSSION AND
REMARKS
To interpret the numerical computation we consider
material properties of low carbon steel (AISI 1119),
which can be used for medium duty shafts, studs, pins,
distributor cams, cam shafts, and universal joints having
mechanical and thermal properties:

xk =13.97[um/s’] v =0.29,
A=51.9[W/(m-K)] and
a =14.7um/m-"C.

Setting the physical parameter with @ =0.5, b =1 and
h=3.

VIIl. CONCLUSION
In this paper, we modify the conceptual idea proposed
by Khobragade et al. [8] for hollow cylinder and the
temperature distributions, displacement and  stress

functions at the edge Z = h occupying the region of the
cylinder a<r <b, 0<2z<h have been obtained

with the known boundary conditions. We develop the
analysis for the temperature field by introducing the
transformation defined by Zgrablich et al. [12], finite
Fourier sine transforms and Laplace transform techniques
with boundaries conditions of radiations type. The series
solutions converge provided we take sufficient number of
terms in the series. Since the thickness of cylinder is very
small, the series solution given here will be definitely
convergent. Assigning suitable values to the parameters
and functions in the series expressions can derive any
particular case. The temperature, displacement and

thermal stresses that are obtained can be applied to the
design of useful structures or machines in engineering
applications.
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Graph 1: Temperature distribution versus r
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Graph 2: Displacement function versus r
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Graph 4: Displacement component versus r
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Graph 5: Displacement component versus r
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Graph 6: Stress Function versus r
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Graph 7: Stress Function versus r
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Graph 8: Stress Function versus r
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Graph 9: Stress Function versus r

REFERENCES
[1] Dange, W. K; Khobragade, N.W, and Durge, M. H : Large
Deflection Of A Thin Equilateral Triangular Plate, Int. J. of
Pure and Appl. Maths, Vol.60, No.3, 333-343, 2010.

[2] Dange, W. K; Khobragade, N.W, and Durge, M. H:
Deflection Of Isosceles Triangular Plate Under Unsteady
Temperature Distribution, Int. J. of Appl. Maths, Vol.23,
No.3, 395-412, 2010.

[3] Dange, W. K; Khobragade, N.W, and Durge, M. H:
Deflection Of Isosceles Vibrating Triangular Plate, Int. J.
of Pure and Appl. Maths, Vol.60, No.3, 323-332, 2010.

[4] Dange, W. K; Khobragade, N.W, and Durge, M. H: Three
Dimensional Inverse Transient Thermoelastic Problem Of
A Thin Rectangular Plate, Int. J. of Appl. Maths, Vol.23,
No.2, 207-222, 2010.

[5] Khobragade, N.W: Thermoelastic analysis of a thick
annular disc with radiation conditions, Int. J. of Engg. And
Information Technology, vol. 3, Issue 5, pp. 120-127,
2013.

[6] Khobragade, N.W: Thermoelastic analysis of a thick
circular plate, Int. J. of Engg. And Information
Technology, vol. 3, Issue 5, pp.94-100, 2013.

[71 Khobragade N.W.; Khalsa L.H.; Gahane T.T. and Pathak
A.C.: Transient Thermo elastic Problems of a Circular
Plate with Heat Generation, IJEIT vol.3 (2013) pp. 361-
367.

[8] Khobragade, N.W: Thermal stresses of a hollow cylinder
with radiation type conditions, Int. J. of Engg. And
Information Technology, vol. 3, Issue 5, pp.25-32, 2013.

[9] Khobragade, N.W: Thermoelastic analysis of a solid
circular cylinder, Int. J. of Engg. And Information
Technology, vol. 3, Issue 5, pp. 155-162, 2013.

[10] Khobragade, N.W: Thermoelastic analysis of a thick
hollow cylinder with radiation conditions, Int. J. of Engg.
And Information Technology, vol. 3, Issue 4, pp.380-387,
2013.

[11] Marchi E and Fasulo A: Heat conduction in sector of
hollow cylinder with radiation, Atti, della Acc.sci. di.tori
no, 1(1967), 373-382.

[12] Marchi, E. and Zgrablich G.: “Vibration in hollow circular
membrane with elastic supports,” Bulletin of the Calcutta
Mathematical Society, Vol. 22(1), pp. 73-76,1964.

[13] Nowacki W: the state of stress in thick circular plate due to
temperature field. Ball. Sci. Acad. Palon Sci. Tech 5
(1957).

[14] Noda N; Hetnarski, R.B. Tanigawa. Y: Thermal stresses,
second edition Taylor and Francis, New York (2003). 260.

[15] Ozisik M.N.: Boundary Value problem of heat conduction,
International text book company, Scranton, Pennsylvania
(1986), 135.

[16] Pathak Anjali C., Payal Hiranwar, Lalsingh Khalsa and N.
W. Khobragade: Thermoelastic Problem Of A Semi
Infinite Cylinder With Internal Heat Sources, Int. J. of
Engg. And Information Technology, vol. 3, Issue 1, 2013.

[17] Roy H.S.; Bagade S.H.; Khobragade N.W.: Thermal
Stresses of a Semi Infinite Rectangular Beam. IJEIT vol.3
(2013) pp.442-445.



IJEIT

ISSN: 2277-3754
ISO 9001:2008 Certified
International Journal of Engineering and Innovative Technology (1JEIT)
Volume 6, Issue 1, July 2016
AUTHOR BIOGRAPHY

| ‘

Dr. N.W. Khobragade‘ For being"l'\/.i.Sc ‘in statistics and Maths he
attained Ph.D. He has been teaching since 1986 for 30 years at PGTD of
Maths, RTM Nagpur University, Nagpur and successfully handled
different capacities. At present he is working as Professor. Achieved
excellent experiences in Research for 17 years in the area of Boundary
value problems and its application. Published more than210 research
papers in reputed journals. Seventeen students awarded Ph.D Degree
and FIVE students submitted their thesis in University for award of

Ph.D Degree under their guidance.

10



