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Abstract—the design of channel transition from subcritical
flow into supercritical one with the manner of typical straight-line
channel contractions by the principles of non-uniform flow with a
minimum amount of surface disturbance has received the
attention of hydraulic engineers. Design for minimum of standing
waves, therefore, is the particular goal for flow at supercritical
velocities so that economic structures may result. The purpose of
this paper is to explore the analytical results of hydrodynamic
characteristics of 2-DH contraction flow, such as primary flow
velocity profile, profile of turbulent wall shear stress, and profiles
of turbulent viscosity coefficient and dispersion coefficient, are
derived. Then the shape factor formed as the ratio between the
mass displacement thickness and the momentum displacement
thickness is calculated to explain the influence on pressure
gradient, and friction coefficient. Finally, the 2-DH
hydrodynamic characteristics of contraction flow are used to
compare with the ones of non-diffuser and expanded flows and
the corresponding discussion, conclusions and applications are
summarized.

Index Terms—Contraction flow, turbulence, hydrodynamics,
displacement thickness, friction coefficient.

1. INTRODUCTION

Shallow water flows in channels are of interest in a variety
of physical problems. These include river flow through a
canyon, river deltas, and canals. Under certain conditions we
can get large hydraulic jumps or their moving counterparts
bores, in the channel. There are a number of places where
these bores are generated in rivers around the world. In
shallow flows in natural or man-made channels, contraction
geometry is not uncommon. It consists of a more or less
uniform channel followed by a contraction of the channel into
a nozzle where the width is minimal before the channel
suddenly or gradually fans out again. Large variations in
water flow discharges through such contracting channels may
lead to dramatic changes in the flow state, such as stowage
effects with upstream moving surges. Such phenomena do
occur when rivers overflow and the water is funneled
underneath constricting bridges or through ravines. Flows
with one or two oblique hydraulic jumps occur for smaller
discharges, e.g., at underpasses for roadside streams or
through gates of the storm surge barrier. Similar situations
also occur in downslope of the water-laden debris flows, when
oversaturated mountain slopes collapse. In this paper,
however, we limit ourselves to study the flow states of water
flow through an idealized uniform channel and linear
contraction as a type for the above-mentioned more complex

flow geometries. Froude number of upstream flow and
increasing values of the scaled nozzle width defined by the
ratio of the upstream channel width and nozzle width will be
the significant items. Shallow flows are often assumed to be
incompressible and the modeled with the 2D depth-averaged
steady-state shallow water equations (2-DH) and a medium
specific, determined friction law are considered in this paper.

Il. THEORETICAL CONSIDERATION

It is one of the most fundamental phenomenon of study in
the field of fluid mechanics with the Newtonian and
non-Newtonian flow case. Investigations have been
performed in order to understand the incompressible flow
downstream of a channel contraction, which is planar and is
normal to the direction of the channel wall. 2-DH flow
researches into this channel flow allow better understanding
of boundary layer separation, re-attachment and recirculation,
which are common features in engineering practice. Many
turbulence  models based on  Reynolds-averaged
Navier-Stokes equations, such as zero-equation turbulence
model, one-equation turbulence model, two-equation
turbulence model and Reynolds stress/flux model, have been
successfully applied to the simulation of turbulent flows in
computational fluid dynamics (CFD). For the depth averaged
simulation of river flows, one of the most often used
two-equation turbulence models is Rastogi and Rodi’s [1]
depth-averaged standard k-g¢" turbulence model. In the
present study, Chen and Kim’s [2] presented the
non-equilibrium k-¢" turbulence model and Yahkot et al’s [3]
expressed the RNG k-g" turbulence model, which are widely
used in CFD, are extended to the depth-averaged 2-D
simulation of river flows. The depth-integrated continuity and

momentum equations of turbulent flow in open channels are:
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Where t is the time; x and y are the horizontal Cartesian

coordinates; h is the flow depth; U and V are the

depth-averaged flow velocities in x- and y-directions; zs is the

water surface elevation; g is the gravitational acceleration; is

the density of flow. It should be noted that Egs. (2) and (3) do
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not include the dispersion terms that exist due to the vertical
non-uniformity of flow velocity. Their effect is assumed to be
negligible in this study, but the treatment of these terms has
been studied by Flokstra [4], Wu and Wang and others [5].
and the turbulent stresses are determined by Boussinesq’s
assumption:

Tpy = pcsUy/U% + V72 @)
Tpy = pcsUy/U% + V72 5)
c; = gn? /rhu’z ©)
T = 2p(v + )au 2 k

xx — ~pLV Vi ax 3p (7)
T —T. —o(v+ )(@U+5V)

xy = lyx = PLVT Vi dy " ox @
T, 2p(v + )aV 2 k

=2plv+v)——=p
¥y t ay 3 (9)

Where v is the kinematic viscosity of water; v, is the eddy
viscosity due to turbulence; k is the turbulence energy. The k
in Egs. (7), (8) and (9) is dropped when the zero - equation
turbulence models are considered.

A. Standard k-£'"" Turbulence Model

Rastogi and Rodi [1] established the depth averaged k-£"
turbulence model through depth integrating with the 3-D
standard k-£" model. The eddy viscosity v.is calculated by:
vy =,k /e (10)
Where ¢, is an empirical constant? The turbulence energy k
and its dissipation rate " are determined with the following
model transport equations: _
ﬁakJrvak_ d (v, 0k N d [v. o0k P 4P

9x  odx odx\o,0x) dy\o 0y BT e T E

11)
s g _ o mEny o mory E L E
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Where:
P, = ¢ Y2 UZ/h; B, = CEFCEEC;MC;EM U4/h?

€ =009 ¢c;. =144, ¢, = 192, ¢,y = 1810 3.6

o, = 1.0; 0, = 1.3

B. Non-equilibrium k-g" Turbulence Model

Chen and Kim [2] modified the standard k-¢" turbulence
model to consider the non-equilibrium between the generation
and dissipation of turbulence. A second time scale of the
production range of turbulence kinetic energy spectrum is
added to the dissipation rate equation, which results in a

functional form of coefficient,

0.25P,
Cﬂl = 1.15 +

¢, = 0.09; ¢z, = 1.90;

oy, = 0.8927; o, = 1.15;

The modified model was called the non-equilibrium k-£"
turbulence model (Shyy et al [6]) which has been tested in a
compressible recirculating flow with improved performance
over the standard model. By using Rastogi and Rodi’s [1]
depth-averaging approach, the depth-averaged
non-equilibrium k-£" model can be derived from the 3-D
version. The formulations of k- and £-equations are still the
same as Eqs. (11) and (12), with only the model coefficients
being replaced accordingly.

C. RNG k-£ Turbulence Model

Yakhot et al [3] re-derived the "e-equation (12) using the
re-normalized group (RNG) theory. One new term was
introduced to take into account the highly anisotropic features,
usually associated with regions of large shear, and to modify
the viscosity accordingly. This term was claimed to improve
the simulation ac-curacy of the RNG k-£" turbulence model
for highly strained flow. By analogy to the above
non-equilibrium turbulence model, the depth averaged 2-D
RNG k-£" turbulence model can also be derived, whose k-
and "e-equations are the same as Egs. (11) and (12), with the
new term being included in the coefficient,

€.y = 142 —n(1—n/n0)/(1+Bn?)
B =0.0151 = |S|k/s,n0 = 4.38
c, = 0.085,c,., = 1.68,0k = 0.7179,0, = 0.7179

D. Boundary Conditions
Near rigid wall boundaries, such as banks and islands, the
wall-function approach is employed. By applying the log-law
of velocity, the resultant wall shear stress T, is related to the
flow velocity V., at center P of the control volume close to the

wall, by the following relation:

T, = —AV, (13)
A= [:)f:lLll”‘Lké,f2 x/In(Ey;) (14)
11.6 < yi < 300

vi = pey/ Ky Pyp/mu, = i 42 (15)

which can be obtained with the assumption of local

equilibrium of turbulence (see Rodi [7]). In the zero-equation

turbulence models, the turbulence energy k is not solved,

hence A is determined by:

A= pu.x/In(Eyg), yp = pu.yp/n (16)
In three k-g" turbulence models, the turbulence generation

Ph and the dissipation rate near the wall are determined by,
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f47 3/
Pop= va/rl‘;uy;, €p = Cﬁ 4k§ zf]{yp (17)
111. ANALYTICAL SOLUTIONS
In Luo [8], the proposed resultant hydrodynamic

characteristic equations are derived based on:
Initial condition:

3 4
u' ui
™ C*[?]; = C:[ﬁ]

(18)
Friction velocity:
2
u, = C (l_fz + V)
i (19)
1 3.6C,,
CK:ﬁ’ “om %
f f
(20)

Rough bed coefficient from Manning formula with rough
factor, n:

2
£, - 25
f B3
(21)
Local bottom shear stress:
Tp 2
il ofF
(22)
Ty = P82 -+ sz)
2
CC
(23)
Bottom shear stress in x- and y-directions:
T U gtV
OB (TP
(24)
Chezy coefficient:
c. - Ly
" (25)
The depth-averaged velocity and scalar quantity:
g
B [vaz
H—h
! g
¢ - —|ddz
b= 3 fh ¢
i (26)
Mass conservation:
a(—U) + a(_V) =0
ox dy @7)
l_f% + I_/ﬂ =0
= 9 (28)

Momentum conservation:

oHw?) , oWv) _ _ o 1 dH) 1 )
ox dy ox p Ox p Oy
+ rbx+%ai}hpu Ufdz + %%zp( -0V - Wz
(29)
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ox dy d p Oy P
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p ox 7, p oy,
(30)

The original form of Ph in Eqs.(12) and (13):

e o2
17 ax ay 3y

P, =v
(31)
Effective stresses:
E _ i
1 oUu av = o =
T, - E_h[pv(g + E] - pulv' + p(U - U)(V - V)}dz
(32)
1:, v =
\2
T, - —f 20v— - pv? + p(V - Vf|dz
' 3 dy
(33)
Water depth fluctuation:
E = _£ - h()
UB,
(34)
Turbulent viscosity coefficient:
2
k
= —
¢ (35)
apfax = Pressure gradient (36)
(" =The pressure gradient parameter (37)
H, =Shape factor=3§, /8¢ (38)
8=Dboundary layer thickness=0.37x/(R,,)*/* (39)
8, 236: mass displacement thickness (40)
&g :%SZmomentum displacement thickness (41)

R,.=U;x/v: Reynold number at x distance from the upstream
(42)

U, =the velocity profile at y=5 (43)

A.Primary velocity profile

What we consider here is the case of “rather large angle”
between the walls so that the flow has the character of a
central potential core and boundary layers along the walls.
Only the self-similar boundary layer flow is considered, for
which we assume the velocity distribution:
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U®) =11n(9u*yJ 1y
3 K(é)

*

(44)
The distribution satisfies the boundary condition:
vy, =0 ify=s

When y=34, the core velocity, U7, is obtained from Eq.(44) as:

uo) i[m(w*a] i 1}
u, K v
(45)

The mean-velocity in the boundary, U, is seen to be:
U u
0 1 ln(9y ) ) 1}
u, K \J 2
(46)

Where x is the von Karman constant in log law.
The mean velocity, U(y), over the entire half width, B,, is:

w Y 1.25(%-),

u* u*
(47)
The expression for the boundary layer, 9, is:
2. - ; 6 >0,
B, 1(U,
IBl|—| —| - 5.208
K| u,
(48)

where 5 is negative and in radius. Combining Eqgs. (44) and
(48), we have:

U
ﬂy(i—” . 5.208]
KU,

B

e

uy) 1 ln[9yu*)
K

u v

*

(49)
Therefore, the mean-velocity over the entire half-width is:

o) 1 m[%J_l_ﬁ(ﬂ_szog)]
Y 2|k u,

B. Turbulent shear stress profile

u X
2 *
y2(27.12 5 i) +10.42yB, + Bf( 10'43'” 4 1” P

(50)
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(51)

This wall shear stress distribution is also agreeable for the
condition that the shear stress vanishes on the centerline, y=
B,.Wheny=0, by L’ Hospital ’ s law, we obtain:

T

W
p

I

) [10.4217 . l)uz_ ” [ ;
y=0

2 *9 U
(i c_ 5.208)
Ku*
(52)

K
The additive term in Eq.(52) is the wall shear stress due to
rather large convergent core angle.

C. Turbulent viscosity coefficient
(c4/P)
aU(y)}

Y=

Ay

2
2B, -y)|27.12 + £
xu,y*(B, )’)( * Ka] 10.42xu y(B, - y)
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(53)
D. Dispersion Coefficient
U(y) —U(y) =U'(y) (54)
—1 ¥ ¥1 r¥
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y yJ; @)va[} (y)dydydy 65

10 & 10 2

" (—4 - 5.208) 2 [——‘ - 5.208]

u KU U KU

_ &, BE[L B l)ln . 5 * *

2%3 B, ‘32 K3 B2
27.12 + — 27.12 + _]

K K4

y

1 U, 8
5 [[=—~5208
Bu,||xu,

(B,Iny)In(y/B,) +

1 > 1 "
" (— L0 5.208] . (——c = 5.208]
Bou, |\« u, Bu \ B, ||| x u,
s B [*)[7] >
(27.12 + _4) (27.12 + _4)
K K
(l e _ 5.208) ,
Bu,\ | x u, B, y
- ( = 5 _ my(;)
: (27.12 . 5—4] .
K
(56)
and:
_ —1 B vy (v
Dy =+~ U’(y)f —f U’ (y)dydydy
e v0 o0 Vi Jo (57)
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E. Turbulent kinetic energy, k:
k=(Ypw'? +v'2) (59)
where we | have,
U(y) -0y =U'(y) (54)
V() -V =V'(y) (60)
V=-- f (ﬂ)dy
ox
(61)

V can be solved as the operation of Eq.(26)

For the purpose of simplification, the fluctuation item can be
calculated by one-dimensional flow as in Eq. (34), and the
convective item in y-direction momentum equation can be
neglected by comparing to the one of x-direction:

d(HUV)/ dx < <d(HUV)/ dy (62)
F. Energy dissipation rate, ;:
v, - CFE
¢ (35)

Combining Egs. (53) and (58), the value of energy dissipation
rate can be solved.

IV. DISCUSSION AND CONCLUSIONS

A.The pressure gradient parameter

In the boundary layer flow, if the pressure gradient varies
very large, the function of wake effect is affected for the
smooth wall flows, but there is no function for the ones of
rough wall. The pressure gradient parameter is the main factor,
and is defined as Eq. (63), where 10 is the bottom shear stress,
rw is the specific weight of fluid, and H is the water depth
along flow direction. For acceleration flow, dp/dx <0, or 8*
<0, it means that the depth decreases along the x-direction;
conversely, dp/dx>0, or 5*>0, the depth increases along
the x-direction.

d, dp gr dH

rOE ) Ty " dx

B -
(63)
B. The shape factor, H,

H_, shape factor, in Eq. (38), is a very important factor for
the determination of friction factor, Cr. For dp/dx=0, then
B"=0, H, has the maximum value at the upstream boundary,
then it will gradually reduce along the stream direction. The
downstream has the H, =1.3~1.5.(see Launder (9)).

If dp/dx >0, then B” >>0, so H, increases until 2~ 3, then
separation occurs. When dp/dx <0, then §* <C0, while H, is
almost the constant or say, H, =1.1~1.2.

C. The friction coefficient, Cf

c - ) U 5.\ 02
i (U] - 0.123(10 0'6’8”5)[—” "]

2 Y

c

(64)
when dp/dx=0, or B*=0, C¢ could be solved from above
equation with U, and y=0.999, of course, u, is got. If dp/dx
>0, or B* >0, H, value is greater than the one of dp/dx=0,
or B*=0, then the Cr value is smaller than the one of dp/dx=0,
or B*=0. Consequently, C¢ value of dp/dx <0, or B~ <Z0 will
be greater than the one of dp/dx=0, or B*=0 because of H_of
dp/dx <0, or B <0 smaller than the one of dp/dx=0, or
f*=0.

V. APPLICATIONS

A. The dispersion coefficient, D

The dispersion coefficient related to mixing length
coefficient will be used to express the situation of entrainment
and the results of erosion or deposition of the channel bed.
The dispersion coefficient or the mixing length coefficient is
directly function of the variation of velocity along the flow
direction, dU/ x. From the dP/ dx =-U(dU/ 8x), the
dispersion coefficient has the same trends as the trends of
B* and H, .By the straightforward application of the
dispersion coefficient in the unidirectional shear flow along
the longitudinal flow direction (Tayler (10), Elder (11)) is, D=
0.404hu, /K, where K if function of von Karman constant. In
the case of 3P/ dx > 0, h is increasing along the flow, while
decreasing along the flow with 3P/ dx < 0. And the variation
of water depth is much more evident than the one of shear
velocity, i... Similarly, the turbulent viscosity coefficient has
the same trends (Luo (12)). The variations of I} for different
A are shown in Fig. 1

B. The comparisons of boundary thickness, &, and the
centerline velocity between uniform and contraction
flows:

Let h is the upstream water depth at the entrance of the
converging wall flows, then the water level, H, is shown as
H=h+&. Here & the fluctuation of water level is increasing
along the flow direction with the decreasing of the boundary
layer displacement, 6 . By comparing the development of the

boundary layer displacement of convergent wall flow, 8 <0,
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and the one of 8 =0, we have the results in the following table
(Table 1) with the given information:

r= (L - X)secp

L = Bycotp for p <O

B, - ~(L - X)tanp (©5)

The boundary layer displacements for these two cases show
that they are almost the same magnitudes in the corresponding
positions. By substituting ¢ into Eqg. (45) to obtain U_(y), we
also can find that U, is decreasing along the flow (see Table
2). By calculating the valve as follow for a givenf}, with the
corresponding U, (y) and B,, as in Eq.(66), the B”-value
increases along the flow which results the decreasing of U (y).
For a given discharge, the water level increases along the
channel flow due to the decreasing of B, and U, (y) and
Eq.(34) just gives us this information.

sl J
‘e
18 2
18
2 =
"
* >
o
I B
1
B0
B =-27
I Il L 1
o 0.2 04 06 0.8 1

¥/Be
Fig. 1 Distributions of dimensionless dispersion coefficients
value outside boundary for differentf-value with BO=5m, X=
10m, U0=0.7m/s, friction velocity 0.050m/s, k=0.4, and h=
0.15m
Table 1 Comparisons of boundary layer thickness between
uniform and convergent flows

B, = 5m, B = 0% u = 0.05mfsec; 20°C;
x Sm 10 15 20
4 0.08m 0.14 0.19 0.24
L = Byotp, p = -27% u. = 0.05 m/sec, 20°C
L-X 5 10
& 0.10m 0.18
U
8| L - 5208
KU, .
= =B
) (66)

Table 2 Changes of boundary layer thickness and centerline
velocity along the contraction flow

B, 2.5m Sm B, =-(L-X)tanp
d 0.10m 0.18m p=-27
U, 1.21 m/sec 1.30 m/sec u = 0.05 misec, T=20°C
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