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Abstract— This paper presents an analysis of a novel structure 

proposed for the conventional digital phase locked loop 

(DPLL)which includes a modified phase detector, whose output 

varies linearly proportional to the phase difference angle of its 

two input signals ranging from -2π to 2π. The analysis explaining 

complete behavior both steady state and transient conditions of 

the DPLL in the presence of noise in the channel. That implies 

that when the input of the DPLL is contaminated by the additive 

white Gaussian noise, complete behavioral aspects such as lock 

ranges, acquisition time of the loop from its unlocked to locked 

condition etc. are studied in the presence of noise. The nth order, 

modified DPLL is modeled for study in general using discrete 

time analysis in which the loop is characterized by the fact that 

the loop tracts the positive going zero crossings of incoming 

digital signal as reference added by AWGN with different 

strengths. The response equations of the nth order loop have 

been derived for various changes in the input phase, frequency or 

phase changes by a given function s (t). The transient behavior of 

the loop gives the acquisition time which also depends upon the 

input noise strength. 

 

Index Terms— AWGN: Additive White Gaussian Noise, 

DPLL: Digital Phase Locked Loop, Modified Phase Detector, 

Response Equation for Nth Order, Steady State and Transient 

Conditions of DPLL.  

I. INTRODUCTION 

The conventional DPLL [1] with two categories of clocks 

fi and gi (i=1, 2…n) and two way transmission gates is 

shown in fig.1. The modified DPLL [2] , [3]  with three 

categories of clock fi, gi and hi (i=1, 2,…n) and three way 

transmission gates is as shown in fig.2. The phase detector 

compares phase of reference input Ei, phase of VCO output, 

Ef to give gating signal Eo. The phase difference 

comparison of Ei and Ef there by generated Eo is shown in 

fig. 3(a) and (b) For Ei and Ef being lag & lead respectively.  

 
Fig .1. Conventional DPLL with Two Types of Clocks [1] 

 
Fig. 2. Modified DPLL With Three Types Of Clocks.[2] 

 
Fig.3.(A) The Wave Forms Of The PD Output Both For 

|Τ| Or + Τ[2] 

The modified DPLL has its PD outputs with three levels 

(1,0 & -1); positive, zero and negative voltage which allow 

the transmission gates TxG; able to act upon three types of 

clock frequencies  fi, gi and hi (i=1,2,3…n) respectively to 

provide input to respective program counters,  PSCi. When 

loop is in locked condition, a shift circuit periodically 

transfers the contents of the presettable counters to the next 

higher one, that is,PSC i-1 to PSCi .The shift is controlled by 

the nth counter PSCn followed by an  n-input NAND gate 

which provides an output pulse after the count of 

predetermined number M/2 where M is a count number 

corresponds to full period of the input Ei or feedback signal 

Ef. A flip-flop device converts the pulse train into a square 

wave and becomes VCO output that goes to the PD as 

second input. It is interesting to note that the count in PSCi’s 

propagates through n registers where upon reaching the 

number M/2 as In the nth register, the count is reinitiated. 

Although n periods of input are required for a complete 

count cycle i.e. M/2, the process may be thought of as the 

interleaving of cycles initiated Ti seconds apart. A 

mathematical model of the modified DPLL has been 

developed. The model of the loop gives two basic response 

equations  in terms of the loop parameters which are no 
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other than clock frequencies fi, hi and gi.With (gi=0, For all 

i=2,3…n),  as the DPLL model is basically low pass filter 

with its noise equivalent bandwidth , BN is calculated from 

the loop. The two basic response equations: one is output 

phase of loop versus the input phase and the other is the 

phase error versus the input phase are derived. The 

simulation of the loop can be the two loop response 

equations explaining complete behavior of the DPLL for 

various types of input phase changes frequency changes and 

the phase changes by a function s, with different 

contamination of noise added with input to the loop. 
 

II. MATHEMATICAL MODEL OF THE MODIFIED 

LOOP2 

The input to the loop being a reference digital signal si(t) 

and noise n(t) at every positive kth zero crossings is vi(t) 

given by  

 

           for t>=tk 

The normalized input to the loop can be expressed as  

 
        

……………………..(1)

  

The noise n(t)/A is narrow band pass noise filtered and 

appeared as the output of the phase detector of the loop, 

expressed as 

 

 ……………………...(2) 

 Where x(t) and y(t) are the low pass random processes 

centered at the carrier with angular frequency wc. It is also 

assumed that the power spectral density of x (t) and y (t) is 

η0 being constant in the frequency range of interest. The 

sampled signal and noise at the each positive zero crossings 

at t=kT+t’ where T is the input signal period or bit period 

and t’=0 for simplicity, n(kT)=n(k) is signal at kth zero 

crossing and given by 

………..(3) 

Where x(k) and y(k) are the discrete random processes and 

θ0(k) is output phase angel of Ef, VCO signal at kth positive 

zero crossing. This resulted n(k)/A, the normalized noise 

component appeared at the output of PD with gating signal 

E0. The spectral density n0 of the noise processes can give 

the total noise output power as n0BN where BN is the noise 

equivalent bandwidth of the DPLL.[1] The phase detector 

used in the modified DPLL has its characteristics relating its 

average output v (k) versus the phase difference and of its 

two inputs, one is the reference signal and other is the VCO 

output Ef. The period of the feedback Ef, signal is as 

calculated [2] at the jth positive zero crossing of the input 

followed by feedback, Ef that generated v(k) is given by  

…………………..(4)

Where ω is the  reference signal frequency locked by the 

feedback signal that is same as input frequency. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Characteristic of Phase Detector for Modified 

DPLL [2] 

The PD characteristics gives output voltage positive for all 

φ>0 and negative  voltage for all φ <0 ,  and continuously 

increasing from -2π to 2π and so on. In the presence of noise 

the PD gives [2] 

 

 
 

Where θi(k) and θ0(k) are the phases of input and feedback 

signal at the kth positive zero crossing. Or 

  

 …………………………………………………..(5) 

 

Substituting equation (5) in (4) the period of the feedback 

signal can be rewritten as  

 
 ……….. ………………………………………...(6) 

Where 

 

And 

 

The output phase of the feedback signal  at the kth 

positive zero crossing as derived in reference [2] is 
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 …………………………………………………..(8) 

 

Then 

. 

            …………………………………………………(9-a) 

 

Also we have …………………(9-b) 

Using equation (9) one gets 

 
          ……………………………………………………(10) 

 

Where   [2] is the free running frequency of the 

modified VCO of the DPLL.The equation (10) can be 

rewritten using z operator as the output phase of the loop is 

given by 

   

….(11) 

 

The equation (11) can be a mathematical model of the nth 

order modified DPLL as shown in the fig. 5 

 
 

 

 
Fig.5: Mathematical model of the nth order modified DPLL in the presence 

of noise. 

 

Also the phase error of the loop can be computed [2] as  

           …………………………………………………...(12) 

using equation (10) and 911)  φ (k+1) can be expressed as 

 
 …………………………………………………(13) 

 

III. THE LOOP WITH PHASE STEP CHANGE 

Let the phase of input changes by a phase step of theta. So if 

theta i(k) =0 for k<0,  

 

θi(k+1)= θ for k >=0 

 

Then  

 

 …………………….(14) 

 

Thus the output phase response of the loop is then given 

using (10) and (14) as, 

…(15) 

 

Equation (13) with equation (14) can give us its phase error 

response as     

   

………..(16) 

The equations (15) and (16) can be simulated to study the 

loop behavior when the input to the loop has a step change 

in phase of input and in the presence of noise. The simulated 

results for first order and second order loop are presented in 

[2] 

IV. THE LOOP WITH FREQUENCY STEP CHANGE 

AT INPUT WITH NOISE 

Let the incoming signal frequency is ω0 at kth positive 

zero crossing and it changes to ω at (K+1)th  positive zero 

crossing. The input phase by the loop is given by  

……………………………(17) 

Where theta 0 is initial phase angle of the input to the loop 

and  

   

   ……………………………...(18) 

Where t0 is initial time with Ti is the period of the input 

signal as ith positive zero crossing . 

At kth positive zero crossing, as derived in [2], using 

ω0=2πg1/M, t(k) is calculated as 

 

…………………(19) 

 

Using equation (19) into equation (17) gives 

 

………………(20) 

Also 

 can 

give 

……………………………………………………...(21) 

Substituting the equation (20) into equation (10) one gets the 

output phase response of the loop as   

      

…………………………………………………………..(22) 

And the phase error response by substituting and using 

equation (21) and equation (22) with equation (13) as 

   

 

…………………………………………………………..(23) 

Equation (22) and (23) give the loop behavior when the 

input signal frequency changes from ω0 to ω in terms of its 

output phase and phase error in the presence of noise. These 

are useful directly for the loop simulation, when input 

frequency to the loop changes. 
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V. THE LOOP WITH INPUT PHASE CHANGES BY A 

GIVEN FUNCTION IN THE PRESENCE OF NOISE 

Let the phase modulating function s(t) or s{t(k)} giving 

incoming signal phase theta i (k) obtained as 

       

  

  ……………………………………….(24) 

Where theta 0 is the initial inphase angle at t(k)=0 

Clearly 

       

 

 …………………………………………………(25) 

Then 

 ………………………………………………………….(26) 

The output phase response of the loop in the presence of 

noise can be obtained using equation (10) along with 

equation (24) as     

    

                ………………………………………………..(27) 

Using z operator     

   

 …………………………………………………(28) 

Equation (28) can describe the loop model with input phase 

modulation by a modulating function s(t) in the presence of 

noise as shown in fig.6 

 
Fig.6: Mathematical Model of the DPLL When Its Input Phase 

Modulated By a Function S (T) and Noise. [2] 

Also the phase error response of the loop can be derived 

using equation (26) and (27) in equation (12) as 

   

 
                      ……………………………………………(29) 

Equation (27) and (29) are the output phase v/s input phase 

and phase error v/s input phase response of the loop and can 

be applicable to digital phase modulator using the loop in 

the presence of noise 

VI. CONCLUSION 

The analysis of the  general order modified DPLL can 

help to simulate the higher order loop behavior for n≥2 

when the input signal phase changes  by a phase step,  

frequency step or phase changes by any function s(t) in the 

presence of noise .The noise may be assumed to be AWGN  

of N(0, ). This analysis can lead to the design of Third 

Order DPLL.The Third Order DPLL can  have application 

in wireless communication when its transmitter and receiver 

are in accelerative motion for synchronization of the 

receiver. 
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