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Abstract—This work outlines MPC (model predictive control)
studies for mobile robots when local motion is considered.
Different kinematic mobile robot configurations are introduced.
Experiences are conducted by using a differential driven WMR
(wheeled mobile robot) as an available vehicle that can represent
nonholonomic kinematics constraints. Motion control is done
using dynamic models, and selecting orientation and local
desired-point distances as control law parameters. MPC is
implemented by computing the horizon of suitable coordinates.
Command speeds corresponding to the desired point are obtained
by minimizing a cost function in which the population of available
coordinates is taken into account. The research reported in this
paper includes a set of experimental results obtained by testing
different trajectories. Parameters such as time, accuracy, speed,
and travelled distance are compared from statistics for different
control laws.
Index Terms—Local motion control, autonomous mobile
robots, kinematic and dynamic models, model predictive
control.

I. INTRODUCTION
WMR (wheeled mobile robots) have locomotion
disadvantages in harsh environments when are compared
with legged robots. However, when flat surfaces are
considered, WMR can perform specific tasks faster and are
more energy efficient. In this context, WMR are increasing
their industrial applicability. Moreover, other research fields
as service robotics, where flexible robot capabilities are
required, are continuously growing and opening new
challenges [1]. WMR navigation is a necessary robot ability
in which safe conditions are preserved while obstacle
avoidance and goal approaching policies are performed.
Robot navigation involves robot ability in order to determine
its own position and to plan a safe path towards goal [2].
Path-planning is a necessary task that consists of finding a
feasible path from current robot position to the desired
environment coordinates [3]. Local path-planning, in which
only a segment of global path is considered, sometimes is
also known as motion-planning because WMR kinematics
and dynamics are considered. Therefore, avoid obstacles and
local goal achievements should be performed dealing with
motion planning that means to select and control a set of
dynamic and kinematic parameters such as: heading angles,
appropriate speeds, safety stops, etc [4]. In this context, local
path-following is related with the ability of the robot to
accurately follow the path by performing a motion control
strategy that generates system outputs as positions and

velocities, which are close to the desired output profiles [5].
Classical control theory is normally used by implementing
low level closed loop solutions based on PID controllers [6].
This work deals with low level motion control of a
nonholonomic WMR. In this context, local path-planning and
motion control are strongly related with WMR kinematics
and dynamics. Such issues are presented from a general point
of view that considers WMR kinematics and dynamics for
different mobility configurations. Therefore, WMR are
classified as holonomic or nonholonomic. Nonholonomic
vehicles perform motions which are constrained by non
integrable constraints [7]. Once WMR kinematics are known,
motion control strategies consist of performing local
path-tracking by using low level controllers and constraining
the set of velocities and speeds. Despite PID controllers are
commonly used as low level control laws, MPC (model
predictive Control) can be also an effective control technique
[8]-[9]. In this work, on-line LMPC (local model predictive
Control) is tested by using the available WMR. This article is
organized as follows: Section I gives a brief presentation
about the aim of the present work. In Section II, the set of
WMR
kinematic
configurations
are
presented.
Nonholonomic systems are analyzed and formulated as a set
of kinematic models that allow motion planning when the
speeds and accelerations of wheels are controlled. In Section
III, local path-planning is introduced by using kinematic
models. Furthermore, experimental dynamic models are
obtained as useful data for implementing low level control
methods. MPC formulation, algorithms and simulated results
for achieving local path-tracking are described in Section IV.
Section V presents LMPC implemented strategies and the
experimental results developed in order to adjust the control
law parameters. Finally, in Section VI conclusions are made.
II. KINEMATIC MODELS OF WMR
Local path-planning not only consists of finding free of
collisions trajectories that approach WMR to the goal.
Feasible path-tracking is performed when the kinematic
configuration of the robot is considered as well as the
constraints related with robot mobility. Usually, WMR are
constrained to horizontal plane frameworks in which robot
configuration is given by (X, Y, θ). X and Y denote de
ground-plane vehicle coordinates and θ the heading
orientation. WMR are classified according to their kinematic
properties that have a great influence when local
path-planning is performed. Nonholononic WMR are
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presented as an important segment of vehicles. In this way, forward turning is achieved by commanding different speed
developed experiences are addressed to this kind of vehicles.
to each fixed wheel. Figure 2 depicts an example of this type
of robots that are considered as nonholonomic vehicles. Class
A. Kinematic
3 does not have any fixed wheels but has at least one
Classification of WMR
conventional centered orientable wheel. Figure 3 depicts an
Wheels are analyzed by considering their rotation example of such model that uses a centered orientable wheel
constraints; we can make a classification of the basic and two off-centered orientable wheels which give stability
different types: fixed standard wheels, centered orientable to the system allowing movements in any direction. Vertical
wheels, off-centered orientable wheels, and Swedish wheels. rotation axis is used in order to modify the heading
Figure 1 show these wheels, it is noted that types (a), (b), (c) orientation of the robot while horizontal rotation axes are
use universal wheels while type (d) can be considered as a used to perform displacements by using a determined
special kind of wheels that allow lateral rotation. Fixed heading direction.
standard wheels can rotate only along a horizontal axis; the
angle between the WMR structure and the wheel axis is fixed.
Centered orientable wheels have an additional degree of
freedom that allows rotation around a vertical axis.
Off-centered orientable wheels are similar to the centered
orientable wheels but the vertical axis of rotation does not
pass through the ground contact point, these wheels are also
known as castor wheels. Similar to the off-centered
orientable wheels, the Swedish wheels allow omnidirectional
movements through the ground plane. However, Swedish
wheels have not a vertical axis of rotation; they are
configured as a universal wheel that has attached rollers to
the wheel circumference. The axes of rotation of the rollers
are perpendicular to the horizontal main axis of the universal
wheel. Considering the different kind of wheels and the
mobility restrictions, a kinematic classification of five
different types of WMR is obtained [10]-[11]. Class 1 can be
understood by a model that uses three Swedish wheels
actuated by 3 motors that provide the rotating speed to each
Fig. 2. Kinematic class 1, holonomic WMR with 3 Swedish
wheel, see Figure 2. Slide sideways is accomplished by using
wheels. Class 2 depicts a nonholonomic WMR with two fixed
omnidirectional wheels that allow instantaneously
wheels and one castor wheel.
movements in any direction. Such vehicles are called
omnidirectional or holonomic WMR because they can reach
Class 4 is represented by a model that has two fixed wheels
any direction without the need of reorientation.
on the same axle and a centered steerable wheel, see Figure 3.
It is similar to tricycles of kids or cars where the orientation is
selected by a steering wheel and the angular speed of the
wheels is shared by using a common axle. This WMR can be
driven by two motors that are used for selecting the desired
heading orientation and the rotating axle speed of the fixed
wheels. Steering angles of such vehicles are constrained to a
reduced set of values as happens in real tricycles and cars.
This type of WMR is considered as a nonholonomic vehicle.
Class 5 vehicles can be depicted by a model that have two
centered orientable wheels. The vehicle has not fixed wheels,
vehicle stability is provided by a third off-centered orientable
wheel, see Figure 3. As in class 1, and class 3 types, WMR
can achieve any configuration. Consequently, these vehicles
are called omnidirectional or holonomic WMR.
Fig. 1. (a) Fixed wheel (b) Centered orientable wheel (c)
Off-centered orientable wheel also known as castor wheel (d)
Swedish wheel.

Class 2 can be represented by a kinematic model that uses
2 fixed wheels; a third omnidirectional or off-centered
orientable wheel is used to give stability to the robot. They
are usually known as differential driven WMR because

B. Kinematics of a
Nonholonomic WMR
Despite the fact that holonomic vehicles have advantages
when manoeuvrability is considered, nonholonomic vehicles
are commonly used. Time efficiency and vehicle cost are
advantages of a nonholonomic WMR. In this subsection
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kinematic models of Class 4 and Class 2 are introduced with
Heading orientation is also analyzed in order to derive an
more level of detail.
equation for θ. D denotes the vehicle displacement and  the
radius of a circle centered on rear axle center. When the
steering angle remains fixed then a circular trajectory is
expected. Considering
as an infinitesimal
approach and
from trigonometry, the following
equation is obtained:
 

v
tan
L

(5)

Fig. 3. Kinematic class 3, holonomic WMR with 1 centered
orientable wheel and two off-centered orientable wheels.
Kinematic class 4, two fixed wheels on the same axle and a
steerable wheel. Class 5 shows a kinematic model with two
orientable wheels and one onmidirectional castor wheel.

Class 4 is widely used because represent the car-like a
robot case, see Figure 4. It is noted that nonholonomic
constraints arise due to the fact that a car cannot move
sideways because the back wheels may produce wheel
slippage instead of pure rolling. The vehicle is considered as
a rigid body. WMR configuration is denoted by (x, y, θ)
coordinates that are referenced to the center of rear axle as is
shown in Figure 4. It is noted that L represents the distance
between front and rear axles. If the steering angle has a fixed
value,  see Figure 4, then circular motion with rotation
radius  is produced. The radius is determined by intersection
of rear axle and front wheel axis as is shown in Figure 4. If
we denote by v the velocity of the vehicle then car motions
can be described by the following functions:
x  f1 x, y, , v, 
y  f 2 x, y, , v, 
  f 3 x, y, , v, 

(1)

Where the dot denotes the differentials referred to time.
When small intervals of time are analyzed (t0), see
Figure 4, the rear wheels direction is considered as the point
towards the vehicle is moving and the following
approximation is obtained:
tan 

y sin 

x cos 

(2)

Considering x
and
, we scale the
equations using the vehicle displacement, and we can
compute the differential equations referred to the time. Then,
the translation equations are obtained:
x  v cos
(3)
y  v sin
(4)

Fig. 4. The nonholonomic car-like robot case has three
configuration coordinates (x, y, θ) and two control inputs. Down
right side shows the small increments considered.

It is noted that L depicts the distance between front wheels
and rear wheels axles and the speed v is the first time
derivative of D. Equations (3) and (4) represent the Cartesian
velocities that are obtained as function of the translational
speed and the heading orientation. Equation (5) depicts the
circular motion speed. Once the car-like robot case is
introduced, Class 2 vehicles are analyzed. This kind of
vehicles are commonly known as differential driven vehicles
because have two main wheels driven by its own motor and a
third omnidirectional or castor wheel that gives stability to
vehicle. Figure 5-(a) shows the WMR scheme where L’
denotes the distance between the two wheels and R depicts
the wheel radius. The velocity vector (vR, vL) = (RR R, RL L)
is used to express the right and left wheel speeds. If both
speeds are greater than zero then the WMR moves forward. It
is the pure translation case as it is shown in Figure 5-(b). If
the velocities of both wheels are equal but have different sign
then pure rotation is produced because the wheels are turning
in opposite directions. If vL = -vR then clockwise rotation is
done, see Figure 5-(c). Otherwise, anticlockwise rotation is
achieved. If both wheels have the same sense, angular speed,
and radius then pure translation is produced and the travelled
distance can be obtained by multiplying the translational
speed by the time. If both wheels have different speed but
they rotate in the same sense then the heading orientation is
modified and a turning action is done. From previous
considerations the kinematic model for pure translation case,
see Figure 5-(d), can be stated as follows:
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1
vR  vL cos
2
1
y  vR  vL sin
2
1
vR  vL 
 
L

x 

Fig 5. (a) Differential driven vehicle. (b) Pure translation case.
(c) Pure rotation case. (d) Robot configuration as function of the
rotation of each wheel. Usually, RR and RL have the same value
denoted by R.

(6)
(7)

III. LOCAL PATH-PLANNING AND MOTION
CONTROL

(8)

Equations (6) and (7) represent the translational part; it has
cosθ and sinθ expressions as in the car-like a robot case. The
WMR moves towards the heading direction. It is noted that
translational velocity is computed as average of right and left
wheel speeds. Considering Class 2 vehicles in the pure
translation case, we outline the similarity with the kinematic
models obtained for Class 4 vehicles. Both kinematic models
have similar equations when translational terms are analyzed,
equations (3) and (4) and equations (6) and (7). Circular
motion speeds, , are equated as the product of the radius of
rotation by the rotational speed. Class 4 and Class 2 vehicles
have radius of rotations related with their physical
dimensions, and angular speeds related with the steering
angle  or the differences of left and right wheel velocities,
see equations (5) and (8). Due to the similarities, differential
driven WMR can be used to analyze the car-like a robot case.
In our work a differential driven robot that uses incremental
encoders in order to obtain position and orientation
coordinates is used. Figure 5-d shows two consecutive
configurations that can be analyzed using discrete time
representation for k and k+1 time instants. The robot
positioning can be described as a function of the radius of the
left and right wheels (RL, RR), and the angular incremental
position (L, R), with L’ being the distance between both
wheels and S the incremental displacement of the WMR.
The position and angular incremental displacements can be
expressed:
R   RL  L
R   R 
S  R R
  R R , L L
(9)
2

L

Using incremental discrete time representation, equations (6), (7),

Local path-planning and motion control are introduced by
using kinematic models that represent nonholonomic
vehicles. With the aim of representing the forward movement
of the car-like a robot case, Class 2 kinematic models are
constrained to have only advancing velocities at both wheels.
The kinematic model is an important constraint in order to
perform local path-planning. The desired path to be followed
can be composed of a sequence of straight lines and circle
segments [12]. Thus, instead of regulating the robot about
one point, the sequence of points to track is solved moving
the WMR from point to point in the state space by using
feedback combined with some path planning [13]. The
importance of the results arises in the fact that linear control
is suitable by using motion discontinuities as a path-tracking
function. Within this scope, PID solutions are widely adopted
as low level DC (direct current) motor speed controllers [6].
Path-following achievement is accomplished by developing
high level strategies for motion planning [14]-[15]. In this
work, it is proposed the use of experimental dynamic models
as a suitable control solution that uses transfer functions
relating the controlled outputs with the control inputs. The
knowledge of a set of dynamic models can be used either for
designing classical low level PID speed controllers or new
methodologies as MPC (model predictive control). In this
section experimental modeling is introduced by using the
available differential driven WMR [16].
C. Path-Planning
and
Motion Control Using
Kinematics Models
Dubins car case is proposed as a way of constraining the
set of possible speeds [17]:

and (8) can be expressed as follows:
x(k  1)  x(k )  S cos( (k )   )
y(k  1)  y(k )  S sin( (k )   )

0  vv  k;min    max
(10)

 (k  1)   (k)  

In this work, we compute the incremental position of the
WMR using the odometer system through the available
encoder information from (9) and (10).

11

The translational speed is constrained to a maximal
positive value so just forward movements are allowed.
Steering angle, , is constrained by maximum and minimum
turning angles, -/2<min and max < /2. Using the
maximum steering angle, the minimum turning radius,
min=L/tanmax, is obtained. Motion control using kinematic
models has also to include velocity and acceleration
constraints. In this way, the path-planning problem consists
of finding safe goal approaching paths that use the free of
collision bi-dimensional space. Denoting by U the set of
possible inputs that can produce allowable trajectories within
and interval of time (0, +), then the reachable set consists of
(x, y) coordinates that belongs to any feasible trajectory
obtained by integrating the set of possible U inputs [3].
Normally the time is limited; Figure 6-(a) shows an example
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of time-limited reachable set. Motion control is done by transfer function of the left wheel speed related to the left
searching for goal approaching and obstacle avoidance wheel speed commands, GRR is the transfer function of the
trajectories within the reachable space. Figure 6-(b) depicts, right wheel speed related to the right wheel speed commands,
using a black dashed line, a right turning trajectory that can GRL is the transfer function of left wheel speed related to right
be done by overlapping reachable time-limited sets. Thus, wheel speed commands, and GLR is the transfer function of
path-planning can be achieved by selecting straight lines and right wheel speed related to left wheel speed commands. GLR
curves belonging to consecutive reachable time limited sets.
and GRL are coupled terms that denote the influence of left
wheel speed commands on right wheel speeds and the
influence of right wheel speed commands on left wheel
speeds. Output speeds are computed by using the available
on-robot encoders placed on each wheel. In order to know the
dynamics of system, the matrix of transfer function should be
identified. In this way, left and right wheel speed responses to
PRBS input signals are analyzed. The system is identified by
using the identification toolbox “ident” of MATLAB for the
second order models which represent the dynamics of a DC
motor controlled robot. The coupling effects should be
studied as a way of obtaining a reduced-order dynamic
model. When the transfer functions are analyzed, we observe
Fig. 6. (a) Time-limited reachable set for a car-like robot
that the dynamics of two DC motors are different and the
vehicle. (b) Partial reachable tree for right turning case when a
steady gains of coupling terms are relatively small less than
right obstacle is considered.
20%. Thus, it is reasonable to neglect the coupling dynamics
D. System Identification
so as to obtain a simplified model.
and Dynamics Models
The model is obtained through the approach of a set of
linear transfer functions that include the nonlinearities of the
whole system. The parametric identification process is based
on black box models [18] and [19]. The parameter estimation
is done by using a PRBS (Pseudo Random Binary Signal) as
excitation input signal. It guarantees the correct excitation of
all dynamic sensible modes of the system along the whole
spectral range and thus results in an accurate precision of
parameter estimation. The experiments to be realized consist
in exciting the two DC motors in different speed commands
Fig. 7. The MIMO system structure
that correspond to low, medium, and high speeds. The ARX
(auto-regressive with external input) structure has been used
Experimental results confirm that the coupled dynamics
to identify the parameters of the system. The problem can be neglected. The existence of different gains in steady
consists in finding a model that minimizes the error between state is also verified experimentally. Finally, the order
the real and estimated data. By expressing the ARX equation reduction of the system model is carried out through the
as a linear regression, the estimated output can be written as:
analysis of pole positions by using the root locus method. It
yˆ  
(12)
reveals the existence of a dominant pole and consequently the
with ŷ being the estimated output vector, θ the vector of model order can be reduced from second order to first order.
estimated parameters and φ the vector of measured input and Table 1 shows the first order transfer functions obtained.
output variables. The nonholonomic system dealt with in this
work is considered initially to be a MIMO (multiple input
multiple output) system, as shown in Figure 7, due to the
dynamic influence between two DC motors. This MIMO
system is composed of a set of SISO (single input single
output) subsystems with coupled connection. By using the
coupled system structure, the transfer function of the robot
can be expressed as follows:
VR   GRR GLR U R 
   
 
(13)
VL   GRL GLL U L 
Where VR
and VL represent the
velocities of right and left wheels, and UR and UL the
corresponding speed commands, respectively. GLL is the

Table 1. The reduced WMR models
Linear
Transfer
Function
GDD
GEE

High
velocities
(0.5m/s)
0.95
0.42 s  1
0.91
0.24 s  1

Medium
velocities
(0.37m/s)
0.92
0.41s  1
0.92
0.27 s  1

Low velocities
(0.25m/s)
0.82
0.46 s  1
0.96
0.33s  1

IV. MODEL PREDICTIVE CONTROL FOR LOCAL
PATH-PLANNING AND MOTION CONTROL
Model predictive control, MPC, has many interesting
aspects for its application to mobile robot control. It is one of
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the most effective advanced control techniques, as compared
X k  n k   X T PX k  n k   X 
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to the standard PID control, that has made a significant
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impact to the industrial process control [8]. MPC usually
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outputs along a horizon time.
 i 0

 An index of performance is optimized by a control
sequence computation.
The first term of (14) refers to the attainment of the local
 Receding horizon idea is used in such a way that at desired coordinates, Xld=(xd,yd), where (xd, yd) denote the
each instant of time the horizon is moved towards the desired Cartesian coordinates. X(k+n/k) represents the
future. It involves the application of the first control terminal value of the predicted output after the horizon of
signal of the sequence computed at each step.
prediction n. The second one term can be considered as an
The use of mobile robot kinematics to predict future orientation term and is related to the distance between the
system outputs were proposed in most of the different predicted robot positions and the path segment given by a
research developed [20]-[21]. The use of kinematics should straight line between the initial path point coordinates
include velocity and acceleration constraints to prevent Xl0=(xl0, yl0) and the desired local position, Xld. This line
WMR of unfeasible path-tracking objectives. MPC orientation is denoted by θld and denotes a desired orientation
applicability for vehicle guidance has been mainly addressed towards the local objective. X(k+i/k) and θ(k+i/k) (i=1,…n-1)
for path-tracking using different on-field fixed trajectories represent the predicted Cartesian and orientation values
based on kinematics models. However, when dynamic within the prediction horizon. The third term is the predicted
environments or obstacle avoidance policies are considered, orientation error. The last one is related to the power signals
the navigation path planning should be constrained to the assigned to each DC motor and are denoted as U. The
robot neighborhood where reactive behaviors are expected parameters P, Q, R and S are weighting parameters that
[14] and [22]. Due to the unknown environment express the importance of each term. The control horizon is
uncertainties, short prediction horizons are proposed [9]. In designed by the parameter m. System constraints, such as the
this context, the use of dynamic input-output models is convergence towards the desired configuration and the fact
proposed as a way to include the dynamic constraints within that the signal increment is kept fixed within the control
the system model for controller design. In order to do this, a horizon, are considered:
set of dynamic models obtained from experimental robot
G0  U k   G1
  0,1
system identification are used for predicting the horizon of


 X K  n / k   X ld   X k   X ld

available coordinates. Knowledge of different models can
15


provide information about the dynamics of the robot, and
or  k  n / k    ld    k    ld

consequently about the reactive parameters, as well as the




safe stop distances. Real-time implementations are easily
implemented due to the fact that short prediction horizons are
used. By using LMPC, the idea of a receding horizon can where X(k) and θ(k) denote the current WMR coordinates and
deal with local on-robot sensor information. LMPC and orientation, X(k+n/k) and θ(k+n/k) denote the final predicted
contractive constraint formulations as well as the algorithms coordinates and orientation, respectively. The limitation of
and simulations implemented are introduced in the next the input signal is taken into account in the first constraint,
subsections.
where G0 and G1 respectively denote the dead zone and
A. LMPC Formulation
saturation of the DC motors. The second and third terms are
The main objective of highly precise motion tracking contractive constraints [23], which result in the convergence
consists in minimizing the error between the robot and the of coordinates or orientation to the objective, and should be
desired path. Global path-planning becomes unfeasible since accomplished at each control step.
the sensorial system of some robots is just local. In this way,
this work uses on-robot an encoder based odometer system
B. Algorithms and Simulated Results
for computing the WMR location. LMPC is proposed in
By using the basic ideas introduced in the previous
order to use the available local data in the navigation subsection, the LMPC algorithms have the following steps:
strategies. Concretely, LMPC is based on minimizing a cost
 Read the current position
function related to the objectives for generating the optimal
 Minimize the cost function and obtain a series of
WMR inputs. Define the cost function as follows:
optimal input signals
 Choose the first obtained input signal as the command
signal.
 Go back to the step 1 in the next sampling period.
The use of interior point methods can solve the above
problem [24]-[25]. Gradient descent method and complete
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input search can be used for obtaining the optimal input. In
order to reduce the set of possibilities, when optimal solution
is searched for, some constraints over the DC motor inputs
are taken into account:
 The signal increment is kept fixed within the
prediction horizon.
 The input signals remain constant during the
remaining interval of time.
The above considerations will result in the reduction of the
computation time and the smooth behavior of the robot
during the prediction horizon [8]. Thus, the set of available
(a)
input is reduced to one value, as it is shown in Figure 7.

Fig. 7. LMPC strategy with fixed increment of the input during
the control horizon and constant value for the remaining time

Once LMPC strategy is stated, coordinate prediction can be
done by selecting control and prediction horizons. Figure 8
depicts the possible coordinates available for prediction when
the horizons are set to (n=5, m=3) and (n=10, m=5). The
sampling period of time is set to 0.1s. The obtained results
show the predicted coordinates after 0.5s or 1s. In fact, it is
obtained two different time-limited reachable set of
coordinates that can be used to perform local path planning
by computing the LMPC law cost given by (14). Gradient
descent method and complete input search methods perform
accurate path-tracking. Simulated results show the
discrepancy between the two methods in which the
subinterval gradient descent method usually does not give the
optimal solution [9]. In this way, local minimum can be
obtained for gradient descent methods. Due to the results
obtained from simulations, complete input search is selected
for the on-robot experiences developed in this work. The
evaluation of the LMPC performance is made by using
different parametric values in the proposed cost function
(14). In this way, when only the desired coordinates are
considered, (P=1, Q=0, R=0, S=0), the path-tracking is done
with the inputs that can minimize the cost function by shifting
the robot position to the left, see Figure 8. This problem can
be solved, (P=1, Q=1, R=0, S=0) or (P=1, Q=0, R=1, S=0)
by considering either the straight-line path to be tracked or
the predicted orientations. Simulated results by testing both
strategies provide similar satisfactory results. Thus, the
straight line path or orientation should be considered in the
LMPC cost function. Obtained results show the need of R
parameter when meaningful orientation errors are produced.

(b)
Fig. 8. (a) The horizon of available coordinates (m=3, n=5). (b)
Predicted coordinates from speed zero, n=10, m=5.

Larger horizons of prediction depict a less dense
possibility of coordinates when compared with shorter
horizons of prediction. Short prediction horizon strategy is
more time effective and performs path-tracking with better
accuracy, see Figure 8. For these reasons, a short horizon
strategy (n=5, m=3) is proposed for implementing
experimental results. The sampling time for each LMPC step
was set to 100ms. Simulation time performance of complete
input search and gradient descent methods is computed. For
short prediction horizon (n=5, m=3), the simulation
processing time is less than 3ms for the complete input search
strategy and less than 1ms for the gradient descent method
when algorithms are implemented using C language running
in a Intel® core 2.7 GHz PC. Real on-robot algorithm time
performance is also compared for different prediction
horizons by using the embedded computer based on a VIA
C3 EGBA 733/800 MHz CPU running under LINUX Debian
OS and additional hardware system. Table 2 shows the
LMPC processing time for different horizons of prediction
when complete optimal values search or the gradient descent
method are used.
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commanded when the orientation error is larger than or equal
V. PATH-TRACKING EXPERIMENTAL RESULTS
In this section, path-tracking problem and the cost function to 25º. Factor tuning of the APD (approaching-point
parameter weights are analyzed. The main objective is to distance), OD (orientation deviation) and TDD
obtain further control law analysis by experimenting different (trajectory-deviation distance) parameters is done by
kind of trajectories. The importance of the cost function considering experimental data [26]. High and low values are
parameter weights is analyzed by developing the factorial set by slightly modifying the values corresponding to
design of experiments for a representative set of local sensitive parameters and verifying their validity for a set of
trajectories. Statistical results are compared and control law trajectories. Heuristic experiments for selecting high and low
performance is analyzed as a function of the path to be values of APD, OD, and TDD have depicted a suitable
followed. Analysis of robustness was carried out interval up to 50%. The experiments are developed by
experimentally by considering reduced model parameters. considering five different kinds of trajectories. Therefore,
Parametric uncertainty studies revealed a robust behavior for straight, wide left turning, less left turning, wide right turning
model parameter variations of 20% of time-constant, and and less right turning trajectories are tested. From each
trajectory parameters such as time (T), RMS trajectory error
11% of gain.
(TE), travelled distance (TD) and averaged speed (AS) are
measured. Path-tracking performance is analyzed using the
A. Path-Tracking Approach Using LMPC Methods
Path-tracking performance is improved by the adequate means of the different factor weights. Due to the fact that
choice of a cost function that is derived from (14) and experiments reveal similar results at each trial, for each
consists of a quadratic expression containing some of the combination of factors, different runs were tried. The
averaged value of the three runs makes a statistical analysis
following four parameters to be minimized:
 The squared Euclidean approaching point distance of each factor combination possible. From these standard
(APD) between the local desired coordinates, provided by deviations, the importance of the factor effects can be
the on-robot perception system, and the actual robot determined using a rough rule that considers the effects when
position. It corresponds with the parameter “P” of the the value differences are close to or greater than two or three
times their standard deviations. A detailed description is
LMPC cost function given by (14).
 The squared trajectory deviation distance (TDD) shown in [26]. Using previously obtained statistical data, an
between the actual robot coordinate and a straight line analysis of the main and lateral effects of APD (P), OD (Q)
that goes from the robot coordinates, when the local frame and TDD (R) is obtained.
perception was acquired, and the local desired
coordinates belonging to the referred frame of perception.
It corresponds with the parameter “Q” of the cost
function shown by (14).

The third parameter consists of the squared
orientation deviation (OD); it is expressed by the
difference between the robot desired and real orientations.
It corresponds with the parameter “R” of the LMPC cost
function depicted by (14).
 The last parameter refers to changes allowed to the
input signal. It corresponds with the parameter “S” of the
LMPC cost function given by (14).
One consideration that should be taken into account is the
different distance magnitudes. In general, the approaching
distance could be more than one meter. However, the
magnitude of the deviation distance is normally in the order
of cm, which becomes effective only when the robot is
approaching the final desired point. Hence, when reducing
the deviation distance further to less than 1cm is attempted,
an increase, in the weight value for the deviation distance in
the cost function, is proposed. In this study the cost function
parameters are P=1, Q=1, R=1, S=0. Control law tuning is
carried out as a function of the kind of path being tracked
(straight, wide left turn, slight left turn, wide right turn, and
slight right turn). A trajectory is considered straight when the
orientation error is less than 5º. A slight turn should be
commanded when the left or right heading error is equal to or
larger than 5º and less than 25º. Finally a wide turn should be

B. Analysis of the Experimental Results
Once factorial analysis is carried out, this subsection
compares path-tracking performance by using different
control strategies. Previous results are used to perform
function factor adjustments with the aim of securing better
control laws. Quantitative results are computed, the analysis
is performed by taking into consideration the different
trajectories. Considering the information obtained, it is
proposed a control law that is a function of the path to be
followed because this flexibility improves the results. Table 3
shows the different factors selected as a function of the
trajectory being tracked; L depicts a selection of a low value
and H a selection of a high value.
factors

straight
line

APD
OD
TDD

H
L
L

wide
left
turn
H
H
L

Trajectories
wide
slight
right
left turn
turn
H
H
H
H
L
L

slight
right
turn
L
H
L

Table 3. Flexible factor values as trajectory function

The control results obtained previously are tested by
commanding two different trajectories. These have to include
the five different basic ones studied previously. In order to
achieve this, a set of twelve points with a shape similar to a
dodecagon is proposed. The path-tracking is tested in
clockwise and anticlockwise directions in order to test both
right and left turns. The experiments are carried out for fixed
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and flexible LMPC controllers, with all the parameters of
fixed control laws having high values. In order to analyze
trajectory accuracy the sequence of points is commanded
each time the previous point is reached. It should be noted
that while this produces a reduction in speed each time the
WMR is close to the final commanded point; better
path-tracking accuracy is achieved. The measured parameters
are time (T), RMS trajectory error (TE), travelled distance
(TD) and averaged speed (AS). Analysis of LMPC for
flexible and fixed control laws reveals significant effects in
time reduction when the travelled distance and averaged
speed are increased. Flexible control laws improve the
performance of fixed control laws. Figure 9 (a) shows a
sample of the results obtained for fixed and flexible
clockwise dodecagon analysis. An anticlockwise dodecagon
Fig. 9. Clockwise and anticlockwise experimental samples, the
is proposed for analyzing left turn trajectories. Figure 9 (b)
trajectory points are represented by twelve black dots. (a)
shows a sample of the path-tracking results obtained for fixed
Clockwise dodecagon results for flexible LMPC (empty circles)
and flexible anticlockwise dodecagon analysis. Results show
and fixed LMPC (crosses). (b) Anticlockwise dodecagon results
that flexible factor strategy improves a 12% and a 22% the
for flexible (empty circles) and fixed LMPC (crosses).
total time, T, of the fixed factor strategy for clockwise and
anticlockwise trajectories. Analysis of RMS TE parameter
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